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Motivation 

From Chu, SEG 2012: 
• Rotated non-

staggered 
• 16th order in space 
• 2nd order in time 
• dx = dy = 12.5 m 
• dz = 6.25 m 
• dt = 1 ms 
• Source at center 
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Motivation 

INSTABILITY 

From Chu, SEG 2012: 
• Rotated non-

staggered 
• 16th order in space 
• 2nd order in time 
• dx = dy = 12.5 m 
• dz = 6.25 m 
• dt = 1 ms 
• Source at center 



Orthorhombic symmetry 
caused by parallel cracks 
in a TI medium 

RXX '

Tilted Orthorhombic Media 
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Pseudo-acoustic wave equations for tilted orthorhombic media 
•    Assumes zero shear velocity 
•    3 equations  
•    On RHS: 9 non-mixed and 9 mixed derivatives 
•    Mixed derivatives expensive => handle specially 
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Tilted Orthorhombic Media 



Non-mixed derivatives Mixed derivatives 

Scheme 1 Centered  Centered  

Scheme 2 Centered  Rotated non-staggered 

Scheme 3 Centered  Rotated staggered 

Tested Numerical Schemes 
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Scheme 1: Centered 
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Scheme 2: Rotated Non-staggered 
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Scheme 3: Rotated Staggered 
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Scheme 3: Rotated Staggered 



 + Computation Normalized 

Scheme 1 922(M/2)N 923(M/2)N 126(M/2)N 1 

Scheme 2 9(M/2)N 93(M/2)N 45(M/2)N 0.4 

Scheme 3 (3+3)4(M/2)N (3+3)4(M/2)N 72(M/2)N 0.6 

Computational Cost for Mixed Derivatives 

M: order of spatial approximation 
N: total number of grid points 
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Stability Analysis 

 Ltt 

23 

Wave equations in matrix form: 



Stability Analysis 
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Wave equations in matrix form: 

Approximation in spatial 
Fourier domain: 
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Wave equations in matrix form: 

Approximation in spatial 
Fourier domain: 

  1

2

1
ˆˆ2ˆˆ

  nnn IILt Rearrange: 
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Wave equations in matrix form: 

Approximation in spatial 
Fourier domain: 

Rearrange: 

Combine with: 



Stability Analysis 
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•   Is how much a certain wavelength is amplified 
after each time step. 
•   Stability depends on the maximum eigenvalue. 
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Stability Analysis 
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•   Is how much a certain wavelength is amplified 
after each time step. 
•   Stability depends on the maximum eigenvalue. 
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Stability Analysis 

Six eigenvalues of A (scheme 1, 
2nd order,  tilted orthorhombic) 29 
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Our Calculation of the Maximum Eigenvalue 

30 

•   Sample the spatial frequency domain. 
•   Numerically compute the maximum eigenvalue 
for a range of time step and different symmetries. 
•   Use LAPACK, double precision. 



0 

20 

40 

60 

80 

100 

120 

140 

0.000 0.002 0.004 0.006 0.008 0.010 

L
a
rg

e
s
t 

E
ig

e
n

v
a
lu

e
 

Time Step (s) 

Scheme 1-Tilted Orthorhombic 
(Scheme 2 and 3 behave similarly.) 

2nd 

4th 

6th 

8th 

10th 

12th 

14th 

16th 

31 



0 

20 

40 

60 

80 

100 

120 

140 

0.000 0.002 0.004 0.006 0.008 0.010 

L
a
rg

e
s
t 

E
ig

e
n

v
a
lu

e
 

Time Step (s) 

Scheme 1-Tilted Orthorhombic 
(Scheme 2 and 3 behave similarly.) 

2nd 

4th 

6th 

8th 

10th 

12th 

14th 

16th 

32 



1.00000 

1.00001 

1.00002 

1.00003 

1.00004 

1.00005 

1.00006 

1.00007 

0.0000 0.0004 0.0008 0.0012 0.0016 

L
a
rg

e
s
t 

E
ig

e
n

v
a
lu

e
 

Time Step (s) 

Scheme 1-Tilted Orthorhombic 

4th 

6th 

8th 

10th 

12th 

16th 

33 



8th order 

Time step = 1 ms  

Max eigenvalue = 1.000007 

Total time = 5 s => 5000 steps 

Amplification = 1.0000075000 = 1.04 
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8th order 

Time step = 1 ms  

Max eigenvalue = 1.000015 

Total time = 5 s => 5000 steps 

Amplification = 1.0000155000 = 1.08 
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8th order 

Time step = 1 ms  

Max eigenvalue = 1.0025 

Total time = 5 s => 5000 steps 

Amplification = 1.00255000 = 200000 
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Scheme 2 
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Scheme 3 
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CFL Stability Condition 

•   Stability => Waves do not propagate past multiple 
grid points in one time step. 
•   One intuitively expects fast-propagating waves 
would be more likely to cause instability. 
•   From our calculation we know the direction of 
the wave that has the maximum eigenvalue. 
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Yellow: direction of fastest-
propagating wave 
White: direction of maximum 
eigenvalue 
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Yellow: direction of fastest-
propagating wave 
White: direction of maximum 
eigenvalue 
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Conclusions  

Cost  
(computation, 

mixed 
derivatives) 

Stability  

Iso, TI, 
Ortho 

Tilted Ortho P wave S artifact 

Scheme 1 1 
Practically 

stable 
Practically 

stable 
Not 

implemented 
Not 

implemented 

Scheme 2 0.4 
Practically 

stable 
Unstable Same More  

Scheme 3 0.6 
Practically 

stable  
Practically 

stable 
Same  Less  
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Future Work 

• Boundary conditions 
• Synthetic data 
• Migration 
• Damp S wave artifact? 
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Thank You 
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