Compressive Conjugate Directions: Linear Theory

A new tool for sparsity-promoting optimization
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Motivation: regularized large-scale optimization

Model styling=regularization is critical in applications

Non-smooth sparsity/blockiness-promoting L1/TV regularization

Computationally expensive algorithms exist

- Goal: a computationally feasible and accurate algorithm
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L1/TV-regularized linear LS fitting

(87 .
[Bull; + §\|Au—d|\§ — min, (1)
B = I (2)

B =V. (3)
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A good algorithm: ADMM/ “Split Bregman” (Glowinski, Maroco)

ADMM requires solving lots of large LS problems in a loop:
e o A 5
U1 = argmmEHAu—de + §sz — Bu + by||5, very hard!

: A 4
Zp.1 = argmin ||z||; + §Hz — Buk+1+bk||§, (4)
bii1 = by +2zi1 — Bugy, £=0,1,2,. ..
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ISTA/FISTA (Beck & Teboulle)—shorten the inner loop

FISTA speeds up gradient descent using Nesterov relaxation:

Vier =1, — yaAT (Au, —d), < single iteration!

Zp41 — shrink {y1<:+17 ’Y} ) =
Gt = (1 +4/1+ 4@3) /2, <« (5)
G —1

Uppl = Yirl T (Yk+1 - Yk:) ;<=

Cht1
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Hot-restarted Conjugate Gradients (RCG)

Restarted CG does a few CG iterations of each LS problem:
. .« 2 A 2
up1 = N iters of argmin §HAU —d||5 + §sz — Bu+ b3,

) A 6
Zpr1 = argmin ||zl|; + §||z — Buk+1+bk|\§, (6)
biir1 = by +2zi1 —Bugy, £=0,1,2,...
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Compressive Conjugate Directions

- Problem: rhs change=-previous geometry information of standard
CG residuals is lost

- Observation: the quadratic shape of the objective function (6) does
not change

- Idea: store the previous conjugate directions GMRES-style
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Compressive Conjugate Directions

1: ug ON, Zy OK, bQ — OK, Vo \/ad,\/X(Z0+bo)
2. F« [A;B], po + Flvg, qo + Fpg, § < afqo
3: for k=0,1,2,3,... do
4. Ti $— q?Vk/Oi, 1=0,1,...,k, Upy1 < Z:’,:OTip’i
Zrt1 + shrink {Bugy; — by, 1/}
bry1 ¢ bi +zpr1 — Bug
Vi1 € [\/ad;ﬁ(zk-&-l erk-&-l)}
k
Tl < Vigl — Ei:OTiQi
Wei1 < FTI‘k_H, Skl FWk+1
10: 51 «— *quTSqul/(sia ’iZO,l,...,]f
k ko,
11: Pitl 2 ioBiPi + Wit Qig1 — Do Bi% + Sk41

©® N g

12: Ort1  Qf, Qr+1

13: if Ok41 =0, Opp1 < 1, Prr1 < O, quy « OMTK
14: Exit loop if |[ugq1 — ugll2/|[ur|lz < target accuracy

15: end for
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A denoising example (A =I). True image
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Noisy image
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RCG denoising
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CCD denoising
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Normalized ||true-inverted||2; ¥(LS)=1.8

08r

0.6

error

041

02r

- GGD
""" RCG Nc=1

0
10

Maharramov and Levin (Geophysics)

a

1 z
10 10

# of A, AT computations

Compressive Conjugate Directions

April 12, 2016

13 / 47



Normalized ||true-inverted||2; k(LS)=81
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= 10000

Normalized ||true-inverted||2; xk(LS)=8001
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Geomechanical inversion

Surface deformation due to distributed dilatational (e.g. pressure)
sources:

dlr.y) = Du(&,m)dédn (7)
v // (D2 + (x — €2+ (y — n)2)**

lll-conditioned inverse problem of resolving pressure from surface
deformation...
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True spiky pressure model
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Noisy data
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A = .05, 100 iterations

Inversion results; ¥(LS)=7636.1546
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A = .1, 100 iterations

Inversion results; ¥(LS)=3818.5773
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A =1, 100 iterations

Inversion results; ¥(LS)=382.7577
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A = 100, 1000 iterations

Inversion results; k{LS)=4.8176
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A = .05, 1000 iterations

Inversion results; ¥(LS)=7636.1546
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.1, 1000 iteratio

16

Inversion results; ¥(LS)=3818.5773
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A =1, 1000 iterations

Inversion results; ¥(LS)=382.7577
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= 100, 1000 iterations

Inversion results; k{LS)=4.8176
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Normalized ||true—inverted||2; ¥(LS)=7636.1546
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Normalized ||true—inverted||2; ¥(LS)=3818.5773
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Normalized ||true-inverted||2; k(LS)=382.7577
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Normalized ||true-inverted||2; ¥(LS)=4.8176
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A = .05, comparison with ADMM and exact solver

Normalized ||true—inverted||2; ¥(LS)=7636.1546
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A = .1, comparison with ADMM and exact solver

Normalized ||true—inverted||2; ¥(LS)=3818.5773
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A = 1, comparison with ADMM and exact solver

Normalized ||true-inverted||2; k(LS)=382.7577
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A = 100, comparison with ADMM and exact solver

Normalized ||true-inverted||2; ¥(LS)=4.8176
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True blocky pressure model
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Noisy surface uplift data
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A = 10, 100 iterations of RCG
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A = 10, 100 iterations of CCD
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A = 10, 1000 iterations of RCG
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A = 10, 1000 iterations of CCD
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Normalized ||true—inverted||2; ¥(LS)=8215.2149
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convergence com parison

Normalized ||true—inverted||2; k(LS)=4594.2772
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nce comparison

Normalized ||true—inverted||2; ®¥(LS)=1230.6096
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Conclusions and perspectives

1. Adresses a nasty trade-off of classic methods: in practical problems
good condition numbers of intermediate LS<slow ADMM
convergence (Glowinski, 1982)

2. CCD beats alternatives when the intermediate LS is ill-conditioned!

3. Trades applications of the modeling operator for increased memory
usage

4. A fast nonlinear extension has been developed and can be used with
FWI

5. What's the expected ADMM convergence vs worst case?
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Normalized ||true-inverted||,; (LS)=4594.2772
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