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SEISMIC DATA PROCESSING WITH THE WAVE
EQUATION

The coordinate frames used by theoreticians to describe wave propagation do not
include frames in common use by geophysical prospectors to describe observations.
Whereas the theoretician generally considers a single source (or shot) location at a
time, the experimentalist deals simultaneously with waves which have been gener-
ated separately by many shots. Our task in this section is to put the wave equation
into some prospectors’ coordinate frames.

11-1 DOWNWARD CONTINUATION OF GATHERS AND
SECTIONS

Suboceanic prospecting is generally carried out by a ship which carries a repetitive
energy source and which trails a cable that is 2 to 3 kilometers long and packed
with sonic receivers. Ideally, the ship’s course is a straight line which we can take
to be the x axis. Ideally, all the seismic waves of interest propagate in a vertical
plane through the line of the ship’s course. This plane is called the plane of the
seismic section. Despite the fact that it is no great problem to describe waves in
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three dimensions once difference techniques have been mastered for two
dimensions, we will restrict the theory to two dimensions in order to keep it
compatible with the bulk of present-day surveying practice and the capability of
most present-day computing machines. An impulsive wave from a point source
spreading out in three dimensions will decay in amplitude in inverse proportion
to the travel time. (The area of a spherical wavefront increases as ¢2, so the energy
per unit area decreases as ¢°, and so the wave amplitude is proportional to z~1.)
An impulsive wave from a line source (the line would be on the ocean’s surface
perpendicular to the ship’s course) has an amplitude decay proportional to ¢~ 1/2,
Thus, the attempt to compress three-dimensional reality into a one- or two-dimen-
sional mathematical form often begins (and almost always ends) with a /2 or a
t scaling factor. Of far more practical importance than this scaling is the attempt
to keep all the seismic rays which emanate from and return to the ship’s traverse
line confined to a single plane. In other words, we hope to avoid recording side
echoes. Often side echoes can be reduced or eliminated by careful choice of the
ship’s course. But, once the data have been recorded, you have to live with what-
ever side echoes are there. One way to think about these side echoes is to imagine
the ship’s traverse line as the axis of a cylindrical coordinate system. Instead of
considering that the time delay of an echo is a measure of the depth to a reflector,
one now imagines that the travel time is a measure of the radius in the cylindrical
coordinate system. Interpretation is easy if the plane of the seismic section is
merely somewhat tipped away from the vertical. Interpretation problems arise
when the earth is so three-dimensionally complex that several wobbly planes are
involved and the observed data have become a superposition of many of them.
In short, where the earth gets three-dimensionally inhomogeneous you cannot get
along very well with two-dimensional experimental and calculational techniques.

Figure 11-1 shows a most important relationship between two coordinate
systems. The coordinates of the shot sound source s and geophone sound receiver
g are taken along the ship’s course, which is the x axis. Also along the x axis are
the shot-to-geophone distance offset coordinate f and the midpoint y between the
shot and the geophone.

We are going to describe waves of pressure P(s, g) where the shot and geophone
coordinates are taken to be independent variables. In reality, the shots and geo-
phones are not distributed in a continuum along the x axis, but they are usually
close enough together that it is merely a matter of interpolation to find P for any
s or g. If the data cannot be interpolated, they will not be satisfactory for use in
differential equations.

Another independent variable is time ¢z. The origin point on the time axis is
chosen so that time ¢ equals O when the shot goes off. After the echoes from the
shot at s have died out completely (ordinarily about 6 seconds), the time axis is
again reset to O for the next shot at s + As. In Fig. 11-1 the ¢ axis may be taken to be
out of the plane of the paper. Both the (s, g) coordinates and (y, f) coordinate
sets are orthogonal. Nonorthogonal coordinates such as (s, f) are used in
marine data recording, but they are rarely used in data analysis and we will ignore
them.
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FIGURE 11-1

The relationships among sound source coordinate s, geophone sound receiver
coordinate g, offset coordinate f =g — s, and midpoint coordinate y = (g + 5)/2.
Theoreticians generally use s and g as coordinates of the wave-pressure ficld, but
interpreters generally use fand y.

Theoreticians usually work in the (g, t) plane for a fixed 5. In exploration
seismology, data in the (g, t) plane are called a profile. Seismic data interpreters
usually work with wave amplitude in both the (y, t) plane and the (f; ¢) plane.
A display in the (y, ) plane is called a seismic section. A display in the (f, ¢) plane
is called a common midpoint gather or a common reflection point gather, which,
unfortunately, in industry is often called a common depth point gather. This termi-
nology originated in the days when analytical methods usually modeled the earth
as a stratified medium in which the reflection point, called the depth point, lay
directly beneath the midpoint. It is unfortunate because of the considerable con-
fusion we now have with the depth z axis. In this book we will avoid the term
depth point. A data display over midpoint y at fixed offset f, that is, the (y, t)
plane, is called a seismic section and it is the only one of the orthogonal planes



230 FUNDAMENTALS OF GEOPHYSICAL DATA PROCESSING

which may continue for hundreds or thousands of kilometers. Profiles and gathers
continue for only a few kilometers, first because of the limited length of the re-
ceiver cable, but more fundamentally because of the limited distance over which
a shot can be heard.

Profiles and gathers today typically contain about 48 seismic traces. Because
useful data often lie beyond the 3-kilometer receiver cable, another form of data re-
cording is sometimes used. This is the sonobuoy. A sonobuoy is a buoy with a single
sound receiver (called a hydrophone) and a radio transmitter. The buoy is cast over-
board and the ship sails away, firing at about a six-second repetition rate until the
buoy is out of range of either the radio or the seismic signals. Such data form a
common receiver point gather and comprise about 200 to 2000 seismic traces.
Sonobuoy data are conceptually one of the easiest kinds of data to be imagined as
providing boundary conditions for wave-extrapolation equations. The principle of
reciprocity says that we could imagine that the ship had carried the sonic receiver
and that the buoy had carried the repetitive sound source. (It is not done this way
because the sonic receiver is an inexpensive, lightweight, throwaway item, well
suited to the buoy.) Thus, the principle of reciprocity which says P(g, s, t) =
P(s, g, t) enables us to imagine a single shot with many hundreds of receivers, just
what we need for downward continuation of the upcoming and downgoing wave
fields.

This brings us to the concept of how we learn about the interior of the earth
by means of downward continuing waves. As indicated in Fig. 11-2, an obvious,
but important, idea is that reflectors exist in the earth at places where the onset of
the downgoing wave is time coincident with an upcoming wave.

To best illustrate this idea, monochromatic waves will be used. This enables us
to compute and think in (x, z) for fixed w rather than to have to work in the three-
dimensional space of (x, z, t). A penalty we pay by going to a single frequency is
that the idea of time coincidence of two time-dependent waveforms becomes for
monochromatic waves the idea of both waves being coherent with a fixed phase
shift (usually zero or 180 degrees) at points in space where reflection can occur.
We will see that phase equivalence at a single frequency at a single point in space
does not by itself provide time coincidence. The same must be true of other
frequencies. Generally, the more frequencies are involved in phase coherency, the
better will be the spatial resolution.

The reader will recall that a number of assumptions in Sec. 10-5 led us to the
idea that up- and downgoing monochromatic waves can be calculated with equa-
tions like

D == D, (11-1-1)

Ul=— o Ul —c(x, 2)D'e®™  (11-1-2)
2w .

In a forward problem, synthetic data are calculated from a model. In an
inverse problem, a model is calculated from the data. To do a forward problem we
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FIGURE 11-2

Illustration of the basic principle of reflector mapping. There are a near-
surface source S and many surface receivers R. At a shallow depth above
the reflector at the typical point P; the downgoing wave D, occurs much earlier
than the upcoming wave U;. The upgoing wave U, represents energy which
has traveled from the source to one or more places on the reflector and then
back up to the point P;. At a point P,, which is at or near a reflecting interface
of arbitrary shape, there will be overlap in time of the down- and upgoing
waves D, and U,. The time overlap may be used in the construction of a map
of reflector positions. Below the reflector at the point P;, there is, in
principle, no upcoming wave. However, practical schemes for estimating
the upcoming waves U at various depths in large part amount to shifting the up-
coming waves seen at R to earlier and earlier times corresponding to greater
and greater depths. Since the practical schemes will have no knowledge of the
interface, they will predict an erroneous upcoming wave U; at P3, indicated by
dots before the arrival of the downgoing wave. This error has no bad
effect on the reflector mapping formulas which utilize time coincidence of up-
and downgoing waves. These ideas are valid in situations where there are
many reflectors at many depths. (From Ref. [5], p. 468.)

first assume a shot location at, say z = 0 and x = 0. This provides a delta function
initial condition for the downgoing wave. Assumption of a velocity model then
allows use of an equation like, say (11-1-1) to continue the downgoing wave down-
ward to arbitrary depth. At a sufficiently great depth, the upcoming wave U is
taken to be 0. It is integrated upward with (11-1-2) where the product of the
reflection coefficient ¢ and the downgoing wave D act as a source for the upgoing
wave.

Now we approach the inverse problem where we are trying to determine the
reflection coefficient c(x, z), but we are given the observation of the upgoing wave
U at the earth’s surface (z =0, all x). We calculate D as before. Since c(x, z) is
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FIGURE 11-3

Location of a dipping bed with a single source emitting a single frequency. Top
and bottom represent two possible source locations. The left-hand panel shows
the real part of downgoing wave D. The dashed line represents a transition from
low to high velocity as can be seen by the greater wavelength below. The center
panel represents the upcoming reflected wave U, which orlgmates at the velocity
jump. On the right-hand panelis plotted the real part of the ratio U/ D. The right-

hand panel tells where downgoing and upcoming waves are in phase. It gives the
correct dip of the bed. With only a single frequency the depth cannot be deter-

minded except to within multiples of a half- wavelength The estimated upcoming
wave U, is computed from the true upcommg wave U, observed at the surface
and the velocity v of the medium; Y,/ Y is not used. (From Ref. [3], p. 417.)
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unknown in (11-1-2) we can compute U, an approximation to U, by marching the

O,=——0,,—~0 (11-1-3)
2w

down from the surface z = 0 where U is given.

- Now the question is, how will U depart from U? Between the earth’s surface
and the shallowest reflector (shallowest nonzero c) there will be no difference be-
tween (11-1-2) and (11-1-3). In that region, both U and U will be waves of identical
speeds, directions, rates of divergence, and all other properties. As (11-1-2) is






