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ABSTRACT

In thisreport, we introduce a new wave-equation method of migration velocity analysis
(MVA). The method is based on the linear relation that can be established between
a perturbation in the migrated image and the generating perturbation in the slowness
function. Our method consists of two steps: we first improve the focusing of the mi-
grated image and then iteratively update the velocity model to explain the improvement
inthefocusing of theimage. Asawave-equation method, our version of MVA isrobust
and generates smooth slowness functions without model regularization. We al so show
that our method has the potential to exploit the power of residual prestack migration to
MVA.

INTRODUCTION

Seismic imaging is atwo-step process. velocity estimation and migration. Asthe velocity
function becomes more complex, the two steps become more and more dependent on each
other. In complex depth-imaging problems, velocity estimation and migration are applied
iteratively in aloop. To assurethat thisiterative imaging process convergesto a satisfactory
model, it is crucial that the migration and the velocity estimation are consistent with each
other.

Kirchhoff migration often failsin complex areas, such as sub-salt, because the wavefield
isseverely distorted by lateral velocity variations, and thus complex multipathing occurs. As
the shortcomings of Kirchhoff migration have become apparent (O’ Brien and Etgen, 1998),
there has been a renewal of interest in wave-equation migration and the development of
computationally efficient 3-D prestack depth-migration methods based on thewave equation
(Biondi and Palacharla, 1996; Biondi, 1997; Mosher et al., 1997). However, there has
been no corresponding progress in the development of migration velocity analysis (MVA)
methods that can be used in conjunction with wave-equation migration.

In this paper, we propose amethod that aimsto fill this gap and that, at least in principle,
can beused in conjunctionwith any downward-continuation migration method. Inparticul ar,
we have been applying our new methodol ogy to downward continuation based onthe Double
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Square Root equation in two dimensions (Yilmaz, 1979; Claerbout, 1985; Popovici, 1996)
and on common-azimuth continuation in three dimensions (Biondi and Palacharla, 1996).

Asfor migration, wave-equation MVA isintrinsically more robust than ray-based MVA,
because it avoids the well-known problems that rays encounter when the velocity model is
complex and has sharp boundaries. The transmission kinematic component of the finite-
frequency wave propagation is mostly sensitive to smooth variationsin the velocity model.
Conseguently, wave-equation MVA produces smooth velocity updates and is therefore sta-
ble. Inmost cases, no smoothing constraintsareneeded to assurestability intheinversion. In
contrast, ray-based methods require strong smoothing constraintsto avoid quick divergence.

Our method is closer to conventional M VA than other wave-equation methods that have
been proposed to estimate the background velocity model (Nobleet a., 1991; Bunkset al.,
1995; Fogues et al., 1998), because it tries to maximize the quality of the migrated image
rather than to match the recorded data. In this respect, our method isrelated to differential
semblance optimization (DSO) (Symesand Carazzone, 1991) and multiplemigrationfitting
(Chavent and Jacewitz, 1995). However, in contrast to these two methods, our method
has the advantage of exploiting the power of residual prestack migration to speed up the
convergence.

ANALGORITHM FOR ESTIMATING VELOCITY

We estimate velocity by iteratively migrating the prestack data and looping through the
following steps:

. Downward continuation with current velocity,
. Extraction of common-image gathersfrom prestack wavefields (Pruchaet al., 1999),

1

2

3. Residual prestack migration of common-image gathers,

4. Estimation of image perturbation from the results of residual prestack migration, and
5

. Estimation of velocity perturbation from image perturbations.

The core technical element of the method is the estimation of velocity perturbations
from image perturbations. The next section presents the linear theory that enables us to
achievethis goal.

LINEAR THEORY

In migration by downward continuation, illustrated in Figure 1, datameasured at the surface
(D) are recursively propagated down in depth to generate the complete wavefield (U).
Downward continuation requires us to make an assumption about the magnitude of the
slowness field (S). Once the wavefield is known, we can apply the imaging condition,
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which gives us the wavefield at time zero, or in the other words, the image or reflectivity
map at the moment the reflectors explode (R).

In the presence of the background wavefield (U), a perturbation in slowness (A S) will
generate a scattered wavefield (AW), which can, by the same method as the background
field, be downward continued (AU) and imaged (A R), as shownin Figure 1.

Background
b
—J
Downward
Continuation
3 m )
u R imeging. LY
Perturbation -
AW’ 4 AS ﬁSCaIterin AW
Downward
Continuation
= (AR g (AU

Figure 1. A summary-chart of our MVA method. The upper panel describes the com-
putations done with respect to the background field, while the bottom panel refers to the
computations done with respect to the perturbation field. | biondo2-chart| [NR]

We can take the perturbation in image (A R) and apply to it the adjoint operation. Doing
so creates an adjoint perturbation in wavefield (AU’), an adjoint scattered field (AW'),
and eventually an adjoint perturbation in slowness (A S), as the bottom panel of Figure 1
shows. Considering a first-order Born relation between the perturbation in slowness and
the scattered wavefield, we can establish adirect linear relation between the perturbationin
image (A R) and the perturbation in slowness (A S). It followsthat if we can obtain a better
focused image, we can iteratively invert for the perturbation in slownessthat generated the
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improvement in focusing. Thisisthe foundation of our wave-equation MVA method.

In the next two sections, we briefly present the mathematical relationsthat formthebasis
of our method. A more detailed mathematical description appearsin AppendicesA and B.

Background field: Forward operator
Migration by downward continuation, in post-stack or prestack, is done in two steps: the
first step is to downward continue the data (D) measured at the surface, and the second is

to apply the imaging condition, that is, to extract the wavefield at timet = 0O, or the image
(R) at the moment the reflectors explode (Claerbout, 1985).

1. Downward continuation

The first step of migration consists of downward continuation of the wavefield mea-
sured at the surface (a.k.a. the data), which isdone by the recursive application of the
equation

ugtt = TZug (1)

initialized by the wavefield at the surface
uj=f-d )
where

e U{(w) isthe wavefield uy(w) at depth z,

e U}(w) isthe wavefield uy(w) a the surface (z = 0),

e T{(w, s0) isthe downward continuation operator at depth z,
e d(w) isthe datq, i.e., the wavefield at the surface, and

e f(w) isafrequency-dependent scale factor for the data.

2. Imaging
The second step of the migration by downward continuation is imaging. According

to the exploding reflector concept, the image is found by selecting the wavefield at
timet = 0, or equivalently, by summing over the frequencies w:

N(l)
r§=>_ uj(@) ©)
1
where

e 15 istheimage (reflectivity) corresponding to a given depth level z.
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Perturbation field: Forward operator

If we perturb the vel ocity model, we a so introduce a perturbation in the wavefield. 1n other
words, the perturbation in slowness generates a secondary scattered wavefield.

1. Scattering and downward continuation

If we consider the perturbation in the wavefield at the surface, we can recursively
downward continue it, adding at every depth step the scattered wavefield:

AUF = TZAU? + Av*Th 4)
where

e AU%(w) is the perturbation in the wavefield generated by the perturbation in
velocity and downward continued from the surface, and

o AvZT1(w) represents the scattered wavefield caused at depth level z + 1 by the
perturbation in velocity from depth level z.

In the first-order Born approximation, the scattered wavefield can be written as
Av*T = TEGEUGAS? (5)
where

e G{(w. s0) isthe scattering operator at depth z,
e AS*(w) isthe perturbation in slowness at depth z, and
e Uf(w) isthe background wavefield at depth z.

If we introduce equation (5) into (4) we find that

AU = T [AU? + GHUgAST] (6)

2. Imaging

As for the background image, the perturbation in image (Ar %), caused by the pertur-
bation in slowness, is obtained by a summation over all the frequencies w:

N,

Ar? =% " AU (w) (7)
1

Equations (6) and (7) establish a linear relation between the perturbation in slowness
(As?) and the perturbation in image (Ar#). We can use this linear relation in an iterative
algorithm to invert for the perturbation in slowness based on the perturbation in the image.
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Perturbation field: Adjoint operator

In the adjoint operation, we begin by upward propagating the perturbation in wavefield at
depth z:
AUt =T AU+ Arzt (8)

where
e T4  isthe upward continuation operator at depth z.

We can then obtain the perturbation in slowness from the perturbation in wavefield by
applying the adjoint of the scattering operator:

AS? = uf' G [T§ Au*™t — Au?] 9)

Equations (6) and (7) for the forward operator and equations (8) and (9) for the adjoint
operator express the linear relation established between the perturbation in slowness (A S)
and the perturbation in image (A R).

AN EXAMPLEWITH SIMPLE REFLECTIVITY MODELS

This section offers a pictorial description of the theory presented in the preceding section.
We use two simple examplesto highlight the main features of the method. In both cases, the
reflectivity model consists of two flat interfaces, one shallow and one deep. The velocity
models are different as follows:

e Inthefirst model, we started with a constant vel ocity background of 2 km/s, on which
we superimposed a positive Gaussian perturbation with a magnitude of 0.25 km/s, as
shown in the right panel of Figure 2.

e In the second model, we superimposed a negative Gaussian anomaly with the mag-
nitude of 0.5 km/s on the background velocity (Figure 2), while the perturbation
remained the same asin the first model (the right panel of Figure 2). The main pur-
pose of selecting this second velocity model was to demonstrate the robustness of the
forward and adjoint operatorsto triplicationsin the wavefield.

We started by creating the synthetic data (D) that correspond to each of the individual
models (Figure 3). In the second case, the reflection from the deeper interface creates atrip-
lication caused by the Gaussian anomaly in the background vel ocity. Then, we migrated the
synthetic data using the correct velocity models in each case, and obtained the background
images (R) shown in Figure 4.

Wethen repeated the same succession of operations, considering the background vel ocity
model s on which we superimposed the perturbation anomaly. We then created the data and
migrated it with the perturbationin slowness. What we obtained isthe perturbationinimage
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Figure 2: Background slowness (labeled S in Figure 1) — left; Perturbation in slowness

(labeled ASin Figure 1) —right. | biondo2-slow | [NR]
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depicted in Figure 5. The shape of the image at a given depth is known in the literature
as Kjartansson’s V (Kjartansson, 1979). In the case of the nonconstant background, the
triplications of the wavefield created a more complex perturbation in the image, which is
especialy visibleat thelevel of the deeper reflector. For thiscase, Kjartansson'sV becomes
aW (Figureb).

Finally, we back-projected into the velocity model the perturbations we obtained in the
images (Figure 6). To clarify how the back-projection operator works, we have isolated in
each panel a single event of the perturbation in image, for afixed reflection ray parameter.
As expected, we have obtained “fat rays’ showing which regions of the velocity model are
influenced by the perturbation in image. The top panel of Figure 6 displays the straight fat
rays corresponding to the constant velocity background. The bottom left panel, shows the
raysfor asimilar perturbation in the image asin thefirst case, while the bottom right panel
displaystheraysfor the perturbationinimagein aregion wherethe wavefield hastriplicated
when propagating through the anomaly in the background.

AN EXAMPLE OF INVERSION

This section presents an example inversion for the perturbation in slowness using the linear
operators derived in the section on linear theory. For the inversion, we have created a set
of synthetic data that was inspired by areal dataset, part of a gas-hydrate study, which was
recorded at the Blake Outer Ridge, offshore from Florida and Georgia (Ecker, 1998). We
have divided this examplein two parts. in thefirst, we show how the focusing of the image
can beimproved, with application to the real data, and, in the second part, how theinversion
works, with application to the smaller synthetic data set.
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Figure3: Thedata(labeled D in Figure 1) measured at the surfacefor each of the background
velocity models. Thetop panel correspondsto the case of the constant background vel ocity,
while the bottom panel correspondsto the case of the Gaussian anomaly in the background
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Figure 5. The perturbation in image (labeled AR in Figure 1), that is, the data migrated
with the perturbation in slowness. The top panel corresponds to the case of the constant
background velocity (Kjartansson's V), while the bottom panel corresponds to the case of
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| mage enhancement

In the first part of our example, we have concentrated on improving the focusing of the
image. We achieved this goal by using Stolt residual migration in the prestack domain
(Stolt, 1996; Sava, 1999). Of course, Stolt residual migration is not the only possibility,
another alternative being velocity continuation (Fomel, 1997).

Figure 7 shows the image we obtained with a starting velocity model, while Figure 8
displaystheimage we obtained by applying residual migration to the original. Both images
havebeen created withthesamelevel of clipping. Thesecondimageisclearly better focused.
We can take the difference between the images in Figures 7 and 8 to be the perturbation in
image (AR), and useit to invert for the slowness model that generated the improvement in
focusing.

| nversion

As a first experiment, we have constructed a synthetic model similar to the sections in
Figures 7 and 8. Aswe said, our goal is to convert the differencesin focusing between the
two images, or the perturbation in the image, into a better slowness model, that is, to find
the perturbation in the slowness.

Figure 9 representsthe background slownessmodel (S). We used thismodel to generate
the synthetic data at the surface (S), and then to compute the background wavefield (U) and
the background image (R).

The top panel of Figure 10 shows the perturbation in slowness (AS). We used this
model to generate the scattered wavefield (AW), the perturbation wavefield (AU), and the
perturbationinimage (AR).

We start the inversion by assuming zero perturbation in slowness. The middle panel of
Figure 10 representsthe perturbationin slownessobtained at thefirst iteration. At thisstage,
we have obtained only asmall perturbation in slowness, whichisnot totally concentrated at
the right location. An important part of the energy of the section is spread, for examplein
the region around the midpoint 2.2 — 2.4km and around the depth 1.3 — 1.4km. Thisartifact
istheresult of the still imperfect definition of the slowness anomaly, possibly caused by the
proximity of the edge.

By the 20" iteration, shown in the bottom panel of Figure 10, the perturbation in
slownessis much better shaped, and the artifact at depth is much weaker. Also, the absolute
magnitude of the anomaly is getting very close to the correct value: spax = 0.088 s’km for
the original, and smax = 0.084 s’km for theinversion at the 20" iteration.

CONCLUSION

We have presented arecursive wave-equation method of migration vel ocity analysis operat-
ingintheimagedomain. Our method isbased on linearization of the downward continuation
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operator that relates perturbations in slowness to perturbations in the image. The funda-
mental ideais to improve the quality of the slowness function by optimizing the focusing
of the migrated image.

Thisiterative method is stable and accurate when applied to a synthetic dataset. It also
convergesto the solution without the need for any regularization of the slownessmodel. We
are currently in the process of applying the method to the real seismic dataset used as an
examplein this paper.
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APPENDIX A: DOWNWARD CONTINUATION-MIGRATIONAND MODELING

Forward operator: Migration

Migration by downward continuation, either post-stack or prestack, is done in two steps:
thefirst step isto downward continue the data measured at the surface, and the second isto
apply the imaging condition, that is, to extract the wavefield at timet = 0, the moment the
reflectors explode.

1. Downward continuation

The first step of migration consists of downward continuation of the wavefield mea-
sured at the surface (a.k.a. the data), which isdone by the recursive application of the
eguation:

U5 (@) = T§(@, So)u§(w) (A-1)

initialized by the wavefield at the surface, asfollows:
ug(@) = f(0)d(w) (A-2)
where

o Uf(w) isthewavefield uy(w) at depth z,

e U}(w) isthe wavefield uy(w) at the surface z = 0,

e T§(w, S) isthe downward continuation operator at depth z,
e d(w) isthedata, i.e.. the wavefield at the surface, and

¢ f(w) isafreguency-dependent scale factor for the data.

Therecursion in Equations (A-1) and (A-2) can be also rewritten in matrix form as

[l —TolUp=D (A-3)

where

e T is asquare matrix containing the downward continuation operator for all
depth levels,

e Ug isacolumn vector containing the wavefield at all depth levels, and
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e D isacolumn vector containing the scaled data. 2

Equation (A-3) represents the downward continuation recursion written for a given
frequency. We can write a similar relationship for each of the frequencies in the
anayzed data, and group them all in the matrix relationship

(T - ToUo =D (A-3)

I —To(w1.50) 0 0 Ug(wq) D(w1)
0 | —=To(wo.59) .. 0 Uplwp) | _ | Dlwp)
0 0 w1 =Tolony,. S0) Up(oN,,) D(wN,,)

e 7pisadiagona matrix containing the downward continuation operators for all
the frequenciesin the data,

where

e Up isacolumn vector containing the wavefield data for all the frequencies, and
e D isacolumn vector containing the scaled data at all frequencies. 2

It follows from Equation (A-4) that the background wavefield (/o) can be computed
as afunction of the measured data (D), asfollows:

U= (T —To) D (A-5)

. Imaging

The second step of the migration by downward continuation is imaging. In the ex-
ploding reflector concept, the image isfound by selecting the wavefield at timet = 0
or, equivalently, by summing over the frequencies w:

rZ=31" Uk (A-6)

where

e 15 istheimage (reflectivity) corresponding to a given depth level z.

1
0 0 0. 0 0 ug fd
T0 0 0 .. 0 0 u? 0

0
Tows)=| 0 T2 0 .. 0 0|:Up= @ [P@=| 0
I 5

0 0 0 .. T 0 Nz

0 Uy

To(wé_. ) N 0 g Bo(wl) g(wl)
To = 0((:.).2..50) U= o(w2) D (wp)
)

0 0 TO(“’Nw‘SO) Uo(a)Nw D((uNw)
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We can write the Equation (A-6) in matrix form as

Ro = HUo (A-7)

Up(wq)
) ( o )
Uo(wn,,)

10..0
01..0
00

w1l 1

where

e H isan operator performing the summation over frequency for every depth level
z, and

e Ro isacolumn vector containing the image at every depth level. 4
Therefore, the image (Ro), corresponding to the background velocity field, can be

computed from the measured data (D) using the summation () and the downward
continuation operators (7p) as

Ro = H(Z — To) D (A-8)

Adjoint operator: Modeling

Equation (A-8) enables us to compute the image corresponding to a given velocity field
from data measured at the surface of the earth, that is, to migrate the data. The operation
adjoint to migration, modeling, can be derived from the same equation using the adjoint
state system

D =[HZ - To) I'Ro (A-9)

where
¢ D isthe modeled data, computed for a given velocity field.

Therefore, we can obtain the modeled data (D) from the reflectivity image (Ro) by
writing

D=[Z -7 HRo (A-10)
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APPENDIX B: FIRST-ORDER BORN LINEARIZATION OF MIGRATION

Forward operator: Perturbation migration

1. Scattering and downward continuation

If we perturb the velocity model we introduce a perturbation in the wavefield. In
other words, the perturbation in slowness generates a secondary wavefield, the scat-
tered wavefield. We can downward continue the scattered field as we did with the
background wavefield by writing

AU (0) = T (@, o) AUH(@) + AvTH (o) (B-1)

where

e AU%(w) is the perturbation in the wavefield generated by the perturbation in
velocity, and

o AvZtl(w) represents the scattered wavefield caused at depth level z + 1 by the
perturbation in velocity from the depth level z.

The scattered wavefield can be written as
Av* (o) = T (0, 50)G§ (@, So)UG(®) AS% () (B-2)
where

o G{(w, s0) isthe scattering operator at depth z, and
e AS*(w) isthe perturbation in lowness at depth z.

Huang et al. (1999) show that the scattering operator is
1

Gi(w. S0) = | = (B-3)
1— K
w2
and that it can be approximated by
. 1 k2
Gé(w, So) X lw (1 + éa)ng (B-4)

which represents the first-order Born approximation. In this equation, k represents
the horizontal component of the wavenumber.

If we introduce Equation (B-2) into (B-1) we obtain

AUt = TE[AU* + GRujASY] (B-5)
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which, after rearrangements, becomes the recursion

AUFTE - TZAU? = TFGEUZAS? (B-6)

We can expressthe recursive rel ationshi p between the perturbationin velocity and the
perturbation in the wavefield (B-6) as

—
[I — TolAU = ToGoUpAS (B-7)

1, 0 0 0o 0 1 0 0 0 0 07ro 0 0 0 oq[uf 0 0 0 1

[401 1 0 0 OW A (T& 0 o 0 O-HVGO 0o 0 0—‘ (;J“o o o | A%

[o -8 1 0 OJ Aud :Lo 8 0 0 O‘H‘O 30 0o o0 0w 0 As®

e R oz Ni1 N i L oo

0o o0 o0 T 1 00 0 T ollo o0 o 0 olly o o Nz
where

e AU isacolumn vector containing the perturbation in the wavefield at all depths,
e Gp isadiagona matrix containing the scattering term for al the depth levels,

e Upisa diagonal matrix containing the background wavefield data for all the
depth levels, and

e ASis acolumn vector containing the perturbation in the velocity for al the
depth levels, °

Note the different arrangement of the background wavefield dataat all depths (Up and
Up). ©

Similarly to the case of the background wavefield, the relationship between the per-
turbation in the wavefield and the perturbation in slowness can be written for all the
frequenciesin the data as

_~
(T — To) AU = ToGolhoAS (B-8)
5
1

1 0O 0 O 0 0 ug 0 0 0 1

N g 0 0 L P T 0 a2

AU=| au® |:Go=| 0 G} 0O o o|:Up=|¢ o W o |ias=]| as’

auNz 0 0 0. Gyt o o o o u'giz AsNz
6



32 Biondi & Sava SEP-100

TOGOUBAS‘
| —To(w1, S) 0 0 AU(wq) “1
( 0 I =Tolwg, 59) - 0 ) ( AU(wp) ) TOGOUE)AS
- wp
0 0 e 1 =ToloNy 50/ \AU@N,) o
ToGoUpAS

ON,,

where

e AU isacolumn vector containing the perturbation in the wavefield for all the
frequencies,

e Gpisadiagonal matrix containing the scattering operator for all the frequencies,

o Upisadi agonal matrix containing the background wavefield for all the frequen-
cies, and
e AS isacolumn vector containing the perturbation in slowness, same for al the
frequenciesif we disregard dispersion. ’
Again, it isimportant to note the different arrangement of the background wavefield
data at all frequencies (Ug and Up). 8
Therefore, we can compute the perturbation in the wavefield (A{) as a function of
the perturbation in slowness (AS) like this:

AU = (T — To) " ToGollo AS (B-9)
2. Imaging

Asfor the background image, the perturbation in image (Ar %), caused by the pertur-
bation in slowness, is obtained by a summation over all the frequencies (w):

ArZ = Y AUZ(w) (B-10)

We can write Equation (B-10) in matrix form as

arl 10 ..0(|1 0 ..0[../10..0 AU(w1)
(Arz)_(OI...OOl...O...Ol O)(AU(wz))
arlz 00 .. 1o o . 10100 .. 1l) \avwy,)
where
7
AU(wq) Go(@1.50) 0 0 Upwp O .. 0 AS
(B (Tt B (T S
AU(oN,,) 0 0 - Go(oN,,: %) 0 0 L]B((,;Nw) AS
8

Ug(w1) Oplwp) O . 0
Up— Up(wp) (o= 0 Up(wp) ... 0
Uo(ony,) 0 0 .. Uplon,)
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e AR isacolumn vector containing the perturbation inimage at every depth level
9
z

Therefore, the perturbationinimage (AR), corresponding to the perturbation vel ocity
field (AS), can be computed as follows:

AR = H(T — To) YToGolhoAS (B-12)

Adjoint operator: Back-projection

Equation (B-12) enables us to compute the perturbation in image corresponding to a given
perturbationin thevelocity field, that is, to migratethe scattered field. The operation adjoint
to migration, back-projection, can be derived from the same equation using the adjoint state
system:

AS = [H(T - To) M ToGollo] AR (B-13)

where

e AS isthe back-projected perturbation in the velocity field obtained from the pertur-
bation in the image.

Therefore, the back-projected perturbation in velocity (AS) is derived from the pertur-
bation in the reflectivity image (AR) using the following expression:

AS = Uy GyT [(T — To) Y] HAR (B-14)

Equations (B-12) and (B-14) comprise apair of adjoint operators that relate the pertur-
bation in velocity to the perturbation in reflectivity image. We can use these two operators
to invert for velocity from measurabl e perturbations in the image.

Ar%
Ar— | ar
ArNz
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