Stanford Exploration Project, Report 107, August 5, 2001, pages ??–??

Chapter 3

Forward interpolation

As I will illustrate in later chapters, the crucial part of data regularization problems is in the choice and implementation of the regularization operator D or the corresponding preconditioning operator P. The choice of the forward modeling operator L is less critical. In this chapter, I discuss the nature of forward interpolation, which has been one of the traditional subjects in computational mathematics. Wolberg (1990) presents a detailed review of different conventional approaches. I discuss a simple mathematical theory of interpolation from a regular grid and derive the main formulas from a very general idea of function bases.

Forward interpolation plays only a supplementary role in this dissertation, but it has many primary applications, such as trace resampling, NMO, Kirchhoff and Stolt migrations, logstretch, and radial transform, in seismic data processing and imaging. Two simple examples appear at the end of this chapter.

INTERPOLATION THEORY

Mathematical interpolation theory considers a function f , defined on a regular grid N. The problem is to find f in a continuum that includes N. I am not defining the dimensionality of N and f here because it is not essential for the derivations. Furthermore, I am not specifying the exact meaning of “regular grid,” since it will become clear from the analysis that follows.

The function f is assumed to belong to a Hilbert space with a defined dot product.

If we restrict our consideration to a linear case, the desired solution will take the following general form

f (x) = � n∈N W (x,n) f (n) , (3.1)

where x is a point from the continuum, and W (x,n) is a linear weight function that can take both positive and negative values. If the grid N itself is considered as continuous, the sum in formula (3.1) transforms to an integral in dn. Two general properties of the linear weighting function W (x,n) are evident from formula (3.1).

Property 1

W (n,n) = 1 . (3.2)

Equality (3.2) is necessary to assure that the interpolation of a single spike at some point n does not change the value f (n) at the spike.

Property 2 � n∈N W (x,n) = 1 . (3.3)

This property is the normalization condition. Formula (3.3) assures that interpolation of a constant function f (n) remains constant.

One classic example of the interpolation weight W (x,n) is the Lagrange polynomial, which has the form

W (x,n) = � i≠n

(x − i) (n − i)

. (3.4)

The Lagrange interpolation provides a unique polynomial, which goes exactly through the data points f (n)^1. The local 1-point Lagrange interpolation is equivalent to the nearest-neighbor interpolation, defined by the formula

W (x,n) = � 1, for n − 1/2 ≤ x < n + 1/2 0, otherwise

(3.5)

Likewise, the local 2-point Lagrange interpolation is equivalent to the linear interpolation, defined by the formula

W (x,n) = � 1 − |x − n|, for n − 1 ≤ x < n + 1 0, otherwise

(3.6)

Because of their simplicity, the nearest-neighbor and linear interpolation methods are very practical and easy to apply. Their accuracy is, however, limited and may be inadequate for interpolating high-frequency signals. The shapes of interpolants (3.5) and (3.6) and their spectra are plotted in Figures 3.1 and 3.2. The spectral plots show that both interpolants act as lowpass filters, preventing the high-frequency energy from being correctly interpolated.

Figure 3.1: Nearest-neighbor interpolant (left) and its spectrum (right). forwd-nnint [CR]

The Lagrange interpolants of higher order correspond to more complicated polynomials. Another popular practical approach is cubic convolution (Keys, 1981). The cubic convolution

1It is interesting to note that the interpolation and finite-difference filters developed by Karrenbach (1995) from a general approach of self-similar operators reduce to a localized form of Lagrange polynomials.

Figure 3.2: Linear interpolant (left) and its spectrum (right). forwd-linint [CR]

interpolant is a local piece-wise cubic function:

W (x,n) = � � � � � 3/2|x − n|^3 − 5/2|x − n|^2 + 1, for 0 ≤ |x − n| < 1 −1/2|x − n|^3 + 5/2|x − n|^2 − 4|x − n| + 2, for 1 ≤ |x − n| < 2 0, otherwise (3.7)

The shapes of interpolant (3.7) and its spectrum are plotted in Figure 3.3.

Figure 3.3: Cubic-convolution interpolant (left) and its spectrum (right). forwd-ccint [CR]

I compare the accuracy of different forward interpolation methods on a one-dimensional signal shown in Figure 3.4. The ideal signal has an exponential amplitude decay and a quadratic frequency increase from the center towards the edges. It is sampled at a regular 50-point grid and interpolated to 500 regularly sampled locations. The interpolation result is compared with the ideal one. Figures 3.5 and 3.6 show the interpolation error steadily decreasing as we proceed from 1-point nearest-neighbor to 2-point linear and 4-point cubicconvolution interpolation. At the same time, the cost of interpolation grows proportionally to the interpolant length.

Figure 3.4: One-dimensional test signal. Top: ideal. Bottom: sampled at 50 regularly spaced points. The bottom plot is the input in a forward interpolation test. forwd-chirp [ER]

Figure 3.5: Interpolation error of the nearest-neighbor interpolant (dashed line) compared to that of the linear interpolant (solid line). forwd-binlin [ER]

FUNCTION BASIS

A particular form of the solution (3.1) arises from assuming the existence of a basis function set {ψ_k(x)}, k ∈ K , such that the function f (x) can be represented by a linear combination of

Figure 3.6: Interpolation error of the linear interpolant (dashed line) compared to that of the cubic convolution interpolant (solid line). forwd-lincub [ER]

the basis functions in the set, as follows:

f (x) = � k∈K c_kψ_k(x) . (3.8)

We can find the linear coefficients c_k by multiplying both sides of equation (3.8) by one of the basis functions (e.g. ψ_j (x)). Inverting the equality � ψ_j (x), f (x) � = � k∈K c_k�_{jk} , (3.9)

where the parentheses denote the dot product, and

�_{jk} = � ψ_j (x),ψ_k(x) � , (3.10)

leads to the following explicit expression for the coefficients c_k:

c_k = � j∈K �^{−1}_{kj} � ψ_j (x), f (x) � . (3.11)

Here �^{−1}_{kj} refers to the k j component of the matrix, which is the inverse of �. The matrix � is invertible as long as the basis set of functions is linearly independent. In the special case of an orthonormal basis, � reduces to the identity matrix:

�_{jk} = �^{−1}_{kj} = δ_{jk} . (3.12)

Equation (3.11) is a least-squares estimate of the coefficients c_k: one can alternatively derive it by minimizing the least-squares norm of the difference between f (x) and the linear decomposition (3.8). For a given set of basis functions, equation (3.11) approximates the function f (x) in formula (3.1) in the least-squares sense.

SOLUTION

The usual (although not unique) mathematical definition of the continuous dot product is

( f_1, f_2) = � f̄_1(x) f_2(x)dx , (3.13)

where the bar over f_1 stands for complex conjugate (in the case of complex-valued functions). Applying definition (3.13) to the dot product in equation (3.11) and approximating the integral by a finite sum on the regular grid N, we arrive at the approximate equality

(ψ_j (x), f (x)) = � ψ̄_j (x) f (x)dx ≈ � n∈N ψ̄_j (n) f (n) . (3.14)

We can consider equation (3.14) not only as a useful approximation, but also as an implicit definition of the regular grid. Grid regularity means that approximation (3.14) is possible. According to this definition, the more regular the grid is, the more accurate is the approximation.

Substituting equality (3.14) into equations (3.11) and (3.8) yields a solution to the interpolation problem. The solution takes the form of equation (3.1) with

W (x,n) = � k∈K � j∈K �^{−1}_{kj} ψ_k(x)ψ̄_j (n) . (3.15)

We have found a constructive way of creating the linear interpolation operator from a specified set of basis functions.

It is important to note that the adjoint of the linear operator in formula (3.1) is the continuous dot product of the functions W (x,n) and f (x). This simple observation follows from the definition of the adjoint operator and the simple equality � f_1(x), � n∈N W (x,n) f_2(n) � = � n∈N f_2(n)( f_1(x), W (x,n)) =

((W (x,n), f_1(x)), f_2(n)) . (3.16)

In the final equality, we have assumed that the discrete dot product is defined by the sum

( f_1(n), f_2(n)) = � n∈N f̄_1(n) f_2(n) . (3.17)

Applying the adjoint interpolation operator to the function f , defined with the help of formula (3.15), and employing formulas (3.8) and (3.11), we discover that

(W (x,n), f (x)) = � k∈K � j∈K �^{−1}_{kj} ψ̄_j (n)(ψ_k(x), f (x)) = � j∈K ψ̄_j (n) � k∈K �^{−1}_{jk} (ψ_k(x), f (x)) = � j∈K c_j ψ_j (n) = f (n) . (3.18)

This remarkable result shows that although the forward linear interpolation is based on approximation (3.14), the adjoint interpolation produces an exact value of f (n)! The approximate nature of equation (3.15) reflects the fundamental difference between adjoint and inverse linear operators (Claerbout, 1992).

When adjoint interpolation is applied to a constant function f (x) ≡ 1, it is natural to require the constant output f (n) = 1. This requirement leads to yet another general property of the interpolation functions W (x,n):

Property 3 � W (x,n)dx = 1 . (3.19)

The functional basis approach to interpolation is well developed in the sampling theory (Garcia, 2000). Some classic examples are discussed in the next section.

INTERPOLATION WITH FOURIER BASIS

To illustrate the general theory with familiar examples, I consider in this section the most famous example of an orthonormal function basis, the Fourier basis of trigonometric functions. What kind of linear interpolation does this basis lead to?

Continuous Fourier basis

For the continuous Fourier transform, the set of basis functions is defined by

ψ_ω(x) = 1 √ 2π e^{iωx} , (3.20)

where ω is the continuous frequency. For a 1-point sampling interval, the frequency is limited by the Nyquist condition: |ω| ≤ π. In this case, the interpolation function W can be computed from equation (3.15) to be

W (x,n) = 1 2π �_π −π e^{iω(x−n)}dω = sin[π(x − n)] π(x − n)

. (3.21)

The shape of the interpolation function (3.21) and its spectrum are shown in Figure 3.7. The spectrum is identically equal to 1 in the Nyquist frequency band.

Function (3.21) is well-known as the Shannon sinc interpolant. According to the sampling theorem (Kotel’nikov, 1933; Shannon, 1949), it provides an optimal interpolation for band-limited signals. A known problem prohibiting its practical implementation is the slow decay with (x − n), which results in a far too expensive computation. This problem is solved in practice with heuristic tapering (Hale, 1980), such as triangle tapering (Harlan, 1982), or more sophisticated taper windows (Wolberg, 1990). One popular choice is the Kaiser window

Figure 3.7: Sinc interpolant (left) and its spectrum (right). forwd-sincint [CR]

(Kaiser and Shafer, 1980), which has the form

W (x,n) = � � � � � sin[π(x − n)]

π(x − n)

I_0 � a � 1 − �_{x−n} N �_2 �

I_0(a) for n − N < x < n + N 0, otherwise

(3.22)

where I_0 is the zero-order modified Bessel function of the first kind. The Kaiser-windowed sinc interpolant (3.22) has the adjustable parameter a, which controls the behavior of its spectrum. I have found empirically the value of a = 4 to provide a spectrum that deviates from 1 by no more than 1% in a relatively wide band.

While the function W from equation (3.21) automatically satisfies properties (3.3) and (3.19), where both x and n range from −∞ to ∞, its tapered version may require additional normalization.

Figure 3.8 compares the interpolation error of the 8-point Kaiser-tapered sinc interpolant with that of cubic convolution on the example from Figure 3.4. The accuracy improvement is clearly visible.

The differences among the described forward interpolation methods are also clearly visible from the discrete spectra of the corresponding interpolants. The left plots in Figures 3.9 and 3.10 show discrete interpolation responses: the function W (x,n) for a fixed value of x = 0.7. The right plots compare the corresponding discrete spectra. Clearly, the spectrum

Figure 3.8: Interpolation error of the cubic-convolution interpolant (dashed line) compared to that of an 8-point windowed sinc interpolant (solid line). forwd-cubkai [ER]

gets flatter and wider as the accuracy of the method increases.

Figure 3.9: Discrete interpolation responses of linear and cubic convolution interpolants (left) and their discrete spectra (right) for x = 0.7. forwd-speclincub [ER]

Discrete Fourier basis

Assuming that the range of the variable x is limited in the interval from −N to N, the discrete Fourier basis (Fast Fourier Transform) employs a set of orthonormal periodic functions

ψ_k (x) = 1 √ 2N e^{iπ kN x} , (3.23)

Figure 3.10: Discrete interpolation responses of cubic convolution and 8-point windowed sinc interpolants (left) and their discrete spectra (right) for x = 0.7. forwd-speccubkai [ER]

where the discrete frequency index k also ranges, according to the Nyquist sampling criterion, from −N to N. The interpolation function is computed from equation (3.15) to be

W (x,n) = 1 2N N−1�

k=−N

e^{iπ kN (x−n)} = 1 2N e^{−iπ(x−n)} � 1 + e^{iπ x−nN} + ··· + e^{iπ 2N−1N (x−n)} � = 1 2N e^{−iπ(x−n)} e^{2iπ(x−n)} − 1 e^{iπ x−nN} − 1 = 1 2N e^{−iπ x−n2N} e^{iπ(x−n)} − e^{−iπ(x−n)} e^{iπ x−n2N} − e^{−iπ x−n2N} = e^{−iπ x−n2N} sin[π(x − n)] 2N sin � π(x − n)/2N

� . (3.24)

An interpolation function equivalent to (3.24) has been found by Muir (Lin et al., 1993; Popovici et al., 1993, 1996). It can be considered a tapered version of the sinc interpolant (3.21) with smooth tapering function

π(x − n)/2N tan � π(x − n)/2N � .

Unlike most other tapered-sinc interpolants, Muir’s interpolant (3.24) satisfies not only the obvious property (3.2), but also properties (3.3) and (3.19), where the interpolation function W (x,n) should be set to zero for x outside the range from n − N to n + N. The form of this function is shown in Figure 3.11.

The development of the mathematical wavelet theory (Daubechies, 1992) has opened the

Figure 3.11: The left plots show the sinc interpolation function. Note the slow decay in x. The middle shows the effective tapering function of Muir’s interpolation; the right is Muir’s interpolant. The top is for N = 2 (5-point interpolation); the bottom, N = 6 (13-point interpolation). forwd-ma-sinc [CR]

door to a whole universe of orthonormal function bases, different from the Fourier basis. The wavelet theory should find many useful applications in geophysical data interpolation, but exploring this interesting opportunity would go beyond the scope of the present work.

The next section carries the analysis to the continuum and compares the mathematical interpolation theory with the theory of seismic imaging.

CONTINUOUS CASE AND SEISMIC IMAGING

Of course, the linear theory is not limited to discrete grids. It is interesting to consider the continuous case because of its connection to the linear integral operators commonly used in seismic imaging. Indeed, in the continuous case, linear decomposition (3.8) takes the form of the integral operator

f (y) = � m(x)G(y; x)dx , (3.25) where x is a continuous analog of the discrete coefficient k in (3.8), the continuous function m(x) is analogous to the coefficient c_k, and G(y; x) is analogous to one of the basis functions ψ_k(x). The linear integral operator in (3.25) has a mathematical form similar to the form of well-known integral imaging operators, such as Kirchhoff migration or “Kirchhoff” DMO. Function G(y; x) in this case represents the Green’s function (impulse response) of the imaging operator. Linear decomposition of the data into basis functions means decomposing it into the combination of impulse responses (“hyperbolas”).

In the continuous case, equation (3.15) transforms to

W (y,n) = � � �^{−1}(x_1, x_2)G(y; x_1)Ḡ(n; x_2)dx_1 dx_2 , (3.26)

where �^{−1}(x_1, x_2) refers to the inverse of the “matrix” operator

�(x_1, x_2) = � G(y; x_1)Ḡ(y; x_2)dy . (3.27)

When the linear operator, defined by equation (3.25), is unitary,

�^{−1}(x_1, x_2) = δ(x_1 − x_2) , (3.28)

and equation (3.26) simplifies to the single integral

W (y,n) = � G(y; x)Ḡ(n; x)dx . (3.29)

With respect to seismic imaging operators, one can recognize in the interpolation operator (3.29) the generic form of azimuth moveout (Biondi et al., 1996), which is derived either as a cascade of adjoint (Ḡ(n; y)) and forward (G(x; y)) DMO or as a cascade of migration (Ḡ(n; y)) and modeling (G(x; y)) (Fomel and Biondi, 1995a,b). In the first case, the intermediate variable y corresponds to the space of zero-offset data cube. In the second case, it corresponds to a point in the subsurface.

Asymptotically pseudo-unitary operators as orthonormal bases

It is interesting to note that many integral operators routinely used in seismic data processing have the form of operator (3.25) with the Green’s function

G(t,y; z,x) = � � � � ∂ ∂t � � � � m/2 A(x;t,y)δ (z − θ(x;t,y)) . (3.30)

where we have split the variable x into the one-dimensional component z (typically depth or time) and the m-dimensional component x (typically a lateral coordinate with m equal 1 or 2). Similarly, the variable y is split into t and y. The function θ represents the summation path, which captures the kinematic properties of the operator, and A is the amplitude function. In the case of m = 1, the fractional derivative � �^∂_{∂t} � �^{m/2} is defined as the operator with the frequency

response (i ω)^{m/2}, where ω is the temporal frequency (Samko et al., 1993).

The impulse response (3.30) is typical for different forms of Kirchhoff migration and datuming as well as for velocity transform, integral offset continuation, DMO, and AMO. Integral operators of that class rarely satisfy the unitarity condition, with the Radon transform (slant stack) being a notable exception. In an earlier paper (Fomel, 1996b), I have shown that it is possible to define the amplitude function A for each kinematic path θ so that the operator becomes asymptotically pseudo-unitary. This means that the adjoint operator coincides with the inverse in the high-frequency (stationary-phase) approximation. Consequently, equation (3.28) is satisfied to the same asymptotic order.

Using asymptotically pseudo-unitary operators, we can apply formula (3.29) to find an explicit analytic form of the interpolation function W , as follows:

W (t,y;t_n,y_n) = � � G(t,y; z,x) G(t_n,y_n; z,x)dz dx = � � � � ∂ ∂t � � � � m/2 � � � � ∂ ∂t_n � � � � m/2 �

A(x;t,y) A(x;t_n,y_n)δ (θ(x;t,y) − θ(x;t_n,y_n)) dx . (3.31)

Here the amplitude function A is defined according to the general theory of asymptotically pseudo-inverse operators as

A = 1 (2π)^{m/2} � �F ^F � �^{1/4} � � � � ∂θ ∂t � � � � (m+2)/4

, (3.32)

where F = ∂θ ∂t ∂^2θ ∂x∂y − ∂θ ∂y ∂^2θ ∂x∂t

, (3.33)

^F = ∂ ^θ ∂z ∂^2^θ ∂x∂y − ∂^θ ∂x ∂^2^θ ∂y∂z

, (3.34)

and ^θ(x;t,y) is the dual summation path, obtained by solving equation z = θ(x;t, y) for t (assuming that an explicit solution is possible).

For a simple example, let us consider the case of zero-offset time migration with a constant velocity v. The summation path θ in this case is an ellipse

θ(x;t,y) = � t^2 −

(x − y)^2

v^2

, (3.35)

and the dual summation path ^θ is a hyperbola

^θ(y; z,x) = � z^2 +

(x − y)^2

v^2

. (3.36)

The corresponding pseudo-unitary amplitude function is found from formula (3.32) to be (Fomel, 1996b) A = 1 (2π)^{m/2} √ t/z v^m z^{m/2}

. (3.37)

Substituting formula (3.37) into (3.31), we derive the corresponding interpolation function

W (t,y;t_n,y_n) = 1 (2π)^m � � � � ∂ ∂t � � � � m/2 � � � � ∂ ∂t_n � � � � m/2 � √ t t_n v^{2m} z^{m+1} δ(z − z_n)dx , (3.38)

where z = θ(x;t,y), and z_n = θ(x;t_n,y_n). For m = 1 (the two-dimensional case), we can apply the known properties of the delta function to simplify formula (3.38) further to the form

W = v π � � � � ∂ ∂t � � � � 1/2 � � � � ∂ ∂t_n � � � � 1/2 √ t t_n � (y − y_n)^2 − v^2(t − t_n)^2 � v^2(t + t_n)^2 − (y − y_n )^2

� . (3.39)

The result is an interpolant for zero-offset seismic sections. Like the sinc interpolant in equation (3.21), which is based on decomposing the signal into sinusoids, equation (3.39) is based on decomposing the zero-offset section into hyperbolas.

While opening a curious theoretical possibility, seismic imaging interpolants have an undesirable computational complexity. Following the general regularization framework of Chapter 2, I shift the computational emphasis towards appropriately chosen regularization operators discussed in Chapter 5. For the forward interpolation method, all data examples in this dissertation use either the simplest nearest neighbor and linear interpolation or a more accurate B-spline method, described in the next section.

INTERPOLATION WITH CONVOLUTIONAL BASES

Unser et al. (1993) noticed that the basis function idea has an especially simple implementation if the basis is convolutional and satisfies the equation

ψ_k(x) = β(x − k) . (3.40)

In other words, the basis is constructed by integer shifts of a single function β(x). Substituting expression (3.40) into equation (3.8) yields

f (x) = � k∈K c_k β(x − k) . (3.41)

Evaluating the function f (x) in equation (3.41) at an integer value n, we obtain the equation

f (n) = � k∈K c_kβ(n − k) , (3.42) which has the exact form of a discrete convolution. The basis function β(x), evaluated at integer values, is digitally convolved with the vector of basis coefficients to produce the sampled values of the function f (x). We can invert equation (3.42) to obtain the coefficients c_k from f (n) by inverse recursive filtering (deconvolution). In the case of a non-causal filter β(n), an appropriate spectral factorization will be needed prior to applying the recursive filtering.

According to the convolutional basis idea, forward interpolation becomes a two-step procedure. The first step is the direct inversion of equation (3.42): the basis coefficients c_k are found by deconvolving the sampled function f (n) with the factorized filter β(n). The second step reconstructs the continuous (or arbitrarily sampled) function f (x) according to formula (3.41). The two steps could be combined into one, but usually it is more convenient to apply them separately. I show a schematic relationship among different variables in Figure 3.12.

Figure 3.12: Schematic relationship among different variables for interpolation with a convolutional basis. forwd-scheme [NR]

B-splines

B-splines represent a particular example of a convolutional basis. Because of their compact support and other attractive numerical properties, B-splines are a good choice of the basis set for the forward interpolation problem and related signal processing problems (Unser, 1999). According to Thévenaz et al. (2000), they exhibit superior performance for any given order of accuracy in comparison with other methods of similar efficiency.

B-splines of the order 0 and 1 coincide with the nearest neighbor and linear interpolants (3.5) and (3.6) respectively. B-splines β^n(x) of a higher order n can be defined by a repetitive convolution of the zeroth-order spline β^0(x) (the box function) with itself:

β^n(x) = β^0(x) ∗ ··· ∗ β^0(x) � � �

(n+1) times

. (3.43)

There is also the explicit expression

β^n(x) = 1 n! n+1� k=0 C^{n+1}_k (−1)^k(x + n + 1 2 − k)^n_+ , (3.44)

which can be proved by induction. Here C^{n+1}_k are the binomial coefficients, and the function x_+ is defined as follows:

x_+ = � x, for x > 0 0, otherwise

(3.45)

As follows from formula (3.44), the most commonly used cubic B-spline β^3(x) has the expression

β^3(x) = � � � � �

� 4 − 6|x|^2 + 3|x|^3 � /6, for 1 > |x| ≥ 0 (2 − |x|)^3/6, for 2 > |x| ≥ 1 0, elsewhere

(3.46)

The corresponding discrete filter β^3(n) is a centered 3-point filter with coefficients 1/6, 2/3, and 1/6. According to the traditional method, deconvolution with this filter is performed as a tridiagonal matrix inversion (de Boor, 1978). One can, however, accomplish the same task more efficiently by spectral factorization and recursive filtering (Unser et al., 1993). The recursive filtering approach generalizes straightforwardly to B-splines of higher orders.

Both the support length and the smoothness of B-splines increase with the order. In the limit, B-splines converge to the Gaussian function. Figures 3.13 and 3.14 show the third- and seventh-order splines β^3(x) and β^7(x), respectively, and their continuous spectra.

Figure 3.13: Third-order B-spline β^3(x) (left) and its spectrum (right). forwd-splint3 [CR]

Figure 3.14: Seventh-order B-spline β^7(x) (left) and its spectrum (right). forwd-splint7 [CR]

It is important to realize the difference between B-splines and the corresponding interpolants W (x,n), which are sometimes called cardinal splines. An explicit computation of the cardinal splines is impractical, because they have infinitely long support. Typically, they are constructed implicitly by the two-step interpolation method outlined above. The cardinal splines of orders 3 and 7 and their spectra are shown in Figures 3.15 and 3.16. As B-splines converge to the Gaussian function, the corresponding interpolants rapidly converge to the sinc function (3.21). Good convergence is achieved with the help of the implicitly-generated long support, which results from recursive filtering at the first step of the interpolation procedure.

Figure 3.15: Effective third-order B-spline interpolant (left) and its spectrum (right). forwd-crdint3 [CR]

Figure 3.16: Effective seventh-order B-spline interpolant (left) and its spectrum (right). forwd-crdint7 [CR]

In practice, the recursive filtering step adds only marginally to the total interpolation cost. Therefore, an n-th order B-spline interpolation is comparable in cost with any other method that uses an (n +1)-point interpolant. The comparison in accuracy usually turns out in favor of

B-splines. Figures 3.17 and 3.18 compare interpolation errors of B-splines and other similarcost methods on the example from Figure 3.4.

Figure 3.17: Interpolation error of the cubic-convolution interpolant (dashed line) compared to that of the third-order B-spline (solid line). forwd-cubspl [ER]

Figure 3.18: Interpolation error of the 8-point windowed sinc interpolant (dashed line) compared to that of the seventh-order B-spline (solid line). forwd-kaispl [ER]

Similarly to the comparison in Figures 3.9 and 3.10, we can also compare the discrete responses of B-spline interpolation with those of other methods. The right plots in Figures 3.19 and 3.20 show that the discrete spectra of the effective B-spline interpolants are genuinely flat at low frequencies and wider than those of the competitive methods. Although the Bspline responses are infinitely long because of the recursive filtering step, they exhibit a fast amplitude decay.

Figure 3.19: Discrete interpolation responses of cubic convolution and third-order B-spline interpolants (left) and their discrete spectra (right) for x = 0.7. forwd-speccubspl [ER]

Figure 3.20: Discrete interpolation responses of 8-point windowed sinc and seventh-order B-spline interpolants (left) and their discrete spectra (right) for x = 0.7. forwd-speckaispl [ER]

2-D example

For completeness, I include a 2-D forward interpolation example. Figure 3.21 shows a 2-D analog of the function in Figure 3.4 and its coarsely-sampled version.

Figure 3.21: Two-dimensional test function (left) and its coarsely sampled version (right). forwd-chirp2 [ER]

Figure 3.22 compares the errors of the 2-D nearest neighbor and 2-D linear (bi-linear) interpolation. Switching to bi-linear interpolation shows a significant improvement, but the error level is still relatively high. As shown in Figures 3.23 and 3.24, B-spline interpolation again outperforms other methods with comparable cost. In all cases, I constructed 2-D interpolants by orthogonal splitting. Although the splitting method reduces computational overhead, the main cost factor is the total interpolant size, which is squared when the interpolation goes from one to two dimensions.

Beyond B-splines

It is not too difficult to construct a convolutional basis with more accurate interpolation properties than those of B-splines, for example by sacrificing the function smoothness. The following

Figure 3.22: 2-D Interpolation errors of nearest neighbor interpolation (left) and linear interpolation (right). The top graphs show 1-D slices through the center of the image. Bi-linear interpolation exhibits smaller error and therefore is more accurate. forwd-plcbinlin [ER]

piece-wise cubic function has a lower smoothness than β^3(x) in equation (3.46) but slightly better interpolation behavior:

μ^3(x) = � � � � �

� 10 − 13|x|^2 + 6|x|^3 � /16, for 1 > |x| ≥ 0 (2 − |x|)^2(5 − 2|x|)/16, for 2 > |x| ≥ 1 0, elsewhere

(3.47)

Figures 3.25 and 3.26 compare the test interpolation errors and discrete responses of methods based on the B-spline function β^3(x) and the lower smoothness function μ^3(x). The latter method has a slight but visible performance advantage and a slightly wider discrete spectrum.

Blu et al. (1998) have developed a general approach for constructing non-smooth piecewise functions with optimal interpolation properties. However, the gain in accuracy is often negligible in practice. In the rest of the dissertation, I use the classic and better tested B-spline method.

Figure 3.23: 2-D Interpolation errors of cubic convolution interpolation (left) and third-order B-spline interpolation (right). The top graphs show 1-D slices through the center of the image. B-spline interpolation exhibits smaller error and therefore is more accurate. forwd-plccubspl [ER]

Figure 3.24: 2-D Interpolation errors of 8-point windowed sinc interpolation (left) and seventh-order B-spline interpolation (right). The top graphs show 1-D slices through the center of the images. B-spline interpolation exhibits smaller error and therefore is more accurate. forwd-plckaispl [ER]

Figure 3.25: Interpolation error of the third-order B-spline interpolant (dashed line) compared to that of the lower smoothness spline interpolant (solid line). forwd-splmom4 [ER]

Figure 3.26: Discrete interpolation responses of third-order B-spline and lower smoothness spline interpolants (left) and their discrete spectra (right) for x = 0.7. A slight but visible difference in the interpolation responses accounts for a small improvement in accuracy. forwd-specsplmom4 [ER]

SEISMIC APPLICATIONS OF FORWARD INTERPOLATION

For completeness, I conclude this section with two simple examples of forward interpolation in seismic data processing. Figure 3.27 shows a 3-D impulse response of Stolt migration (Stolt, 1978), computed by using 2-point linear interpolation and 8-point B-spline interpolation. As noted by Ronen (1982) and Harlan (1982), inaccurate interpolation may lead to spurious artifact events in Stolt-migrated images. Indeed, we see several artifacts in the image with linear interpolation (the left plots in Figure 3.27). The artifacts are removed if we use a more accurate interpolation method (the right plots in Figure 3.27).

Another simple example is the radial trace transform (Ottolini, 1982). Figure 3.28 shows a land shot gather contaminated by nearly radial ground-roll. As discussed by Claerbout (1983), Henley (1999, 2000), and Brown and Claerbout (2000a,b), one can effectively eliminate ground-roll noise by applying a radial trace transform followed by high-pass filtering and the inverse radial transform. Figure 3.29 shows the result of the forward radial transform of the shot gather in Figure 3.28 in the radial band of the ground-roll noise and the transform error after we go back to the original domain. Comparing the results of using linear and third-order B-spline interpolation, we see once again that the transform artifacts are removed with a more accurate interpolation scheme.

Figure 3.27: Stolt-migration impulse response. Left: using linear interpolation. Right: using seventh-order B-spline interpolation. Migration artifacts are removed by a more accurate forward interpolation method. forwd-stolt [ER]

Figure 3.28: Ground-roll-contaminated shot gather used in a radial transform test forwd-radialdat [ER]

Figure 3.29: Radial trace transform results. Top: radial trace domain. Bottom: residual error after the inverse transform. The error should be zero in a radial band from 0 to 0.65 km/s radial velocity. Left: using linear interpolation. Right: using third-order B-spline interpolation. forwd-radial [ER]

ACKNOWLEDGMENTS

A short conversation with Dave Hale led me to a better understanding of different forward interpolation methods. Tamas Nemeth helped me better understand the general interpolation theory.

194 CHAPTER 3. FORWARD INTERPOLATION

Bibliography

Babich, V. M., 1991, Short-wavelength diffraction theory: asymptotic methods: Springer- Verlag, Berlin; New York.

Bagaini, C., and Spagnolini, U., 1993, Common shot velocity analysis by shot continuation operator: 63rd Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 673–676.

Bagaini, C., and Spagnolini, U., 1996, 2-D continuation operators and their applications: Geophysics, 61, no. 06, 1846–1858.

Bagaini, C., Spagnolini, U., and Pazienza, V. P., 1994, Velocity analysis and missing offset restoration by prestack continuation operators: 64th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1549–1552.

Bale, R., and Jakubowicz, H., 1987, Post-stack prestack migration: 57th Annual Internat.

Mtg., Soc. Expl. Geophys., Expanded Abstracts, Session:S14.1.

Ben-Avraham, Z., Amit, G., Golan, A., and Begin, Z. B., 1990, The bathymetry of Lake Kinneret and its structural significance: Israel Journal of Earth Sciences, 39, 77–84.

Beylkin, G., 1985, Imaging of discontinuities in the inverse scattering problem by inversion of a causal generalized Radon transform: Journal of Mathematical Physics, 26, 99–108.

Biondi, B., and Chemingui, N., 1994a, Transformation of 3-D prestack data by Azimuth Moveout: SEP–80, 125–143. 195

Biondi, B., and Chemingui, N., 1994b, Transformation of 3-D prestack data by azimuth moveout (AMO): 64th Ann. Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1541– 1544.

Biondi, B., and Palacharla, G., 1996a, 3-D prestack migration of common-azimuth data: Geophysics, 61, no. 06, 1822–1832.

Biondi, B., and Palacharla, G., 1996b, 3-D prestack migration of common-azimuth data: Geophysics, 61, no. 6, 1822–1832.

Biondi, B., Fomel, S., and Chemingui, N., 1996, Azimuth moveout for 3-D prestack imaging:

SEP–93, 15–44.

Biondi, B., Fomel, S., and Chemingui, N., 1998, Azimuth moveout for 3-D prestack imaging:

Geophysics, 63, no. 02, 574–588.

Biondi, B., 1996, Common-azimuth prestack depth migration of a North Sea data set: SEP–93, 1–14.

Biondi, B., 1997, Azimuth moveout + common-azimuth migration: Cost-effective prestack depth imaging of marine data: 67th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1375–1378.

Biondi, B. L., 1999, 3-D Seismic Imaging: Stanford Exploration Project.

Black, J. L., Schleicher, K. L., and Zhang, L., 1993, True-amplitude imaging and dip moveout:

Geophysics, 58, no. 1, 47–66.

Bleistein, N., and Cohen, J. K., 1995, The effect of curvature on true amplitude DMO: Proof of concept: ACTI, 4731U0015-2F; CWP-193, Colorado School of Mines.

Bleistein, N., 1984, Mathematical methods for wave phenomena: Academic Press Inc. (Harcourt Brace Jovanovich Publishers), New York.

Bleistein, N., 1987, On the imaging of reflectors in the earth: Geophysics, 52, no. 7, 931–942.

Bleistein, N., 1990, Born DMO revisited: 60th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1366–1369.

Blu, T., Thévenaz, P., and Unser, M., 1998, Minimum support interpolators with optimum approximation properties: Proc. IEEE Int. Conf. Image Processing, Chicago, IL, USA, October 4-7, 242–245.

Bolondi, G., Loinger, E., and Rocca, F., 1982, Offset continuation of seismic sections: Geophys. Prosp., 30, no. 6, 813–828.

Briggs, I. C., 1974, Machine contouring using minimum curvature: Geophysics, 39, no. 1, 39–48.

Brown, M., and Claerbout, J., 2000a, Ground roll and the Radial Trace Transform - revisited:

SEP–103, 219–237.

Brown, M., and Claerbout, J., 2000b, A pseudo-unitary implementation of the radial trace transform: 70th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 2115– 2118.

Brown, M., Clapp, R. G., and Marfurt, K., 1999, Predictive signal/noise separation of groundroll-contaminated data: SEP–102, 111–128.

Burg, J. P., 1972, The relationship between maximum entropy spectra and maximum likelihood spectra (short note): Geophysics, 37, no. 2, 375–376.

Burg, J. P., 1975, Maximum entropy spectral analysis: Ph.D. thesis, Stanford University.

Canales, L. L., 1984, Random noise reduction: 54th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, Session:S10.1.

Canning, A., and Gardner, G. H. F., 1996, Regularizing 3-D data sets with DMO: Geophysics, 61, no. 04, 1103–1114.

Chemingui, N., and Biondi, B., 1994, Coherent partial stacking by offset continuation of 2-D prestack data: SEP–82, 117–126.

Chemingui, N., and Biondi, B., 1996, Handling the irregular geometry in wide azimuth surveys: 66th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 32–35.

Chemingui, N., 1999, Imaging irregularly sampled 3D prestacked data: Ph.D. thesis, Stanford University.

Claerbout, J. F., 1976, Fundamentals of geophysical data processing: Blackwell. Claerbout, J. F., 1983, Ground roll and radial traces: SEP–35, 43–54. Claerbout, J. F., 1985, Imaging the Earth’s Interior: Blackwell Scientific Publications. Claerbout, J. F., 1992, Earth Soundings Analysis: Processing Versus Inversion: Blackwell Scientific Publications.

Claerbout, J. F., 1993, 3-D local monoplane annihilator: SEP–77, 19–25. Claerbout, J., 1997, Multidimensional recursive filters via a helix: SEP–95, 1–13. Claerbout, J., 1998a, Multidimensional recursive filters via a helix: Geophysics, 63, no. 5, 1532–1541.

Claerbout, J., 1998b, Multidimensional recursive filters via a helix: SEP–97, 319–335. Claerbout, J. F., 1998c, Multidimensional recursive filters via a helix with application to velocity estimation and 3-D migration: 68th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1995–1998.

Claerbout, J., 1999, Geophysical estimation by example: Environmental soundings image enhancement: Stanford Exploration Project, http://sepwww.stanford.edu/sep/prof/.

Clapp, R. G., and Biondi, B. L., 1998, Regularizing time tomography with steering filters:

SEP–97, 137–146.

Clapp, R. G., and Biondi, B. L., 2000, Tau tomography with steering filters: 2-D field data example: SEP–103, 1–19.

Clapp, R. G., and Brown, M., 2000, (t − x) domain, pattern-based multiple separation: SEP– 103, 201–210.

Clapp, R. G., Fomel, S., and Claerbout, J., 1997, Solution steering with space-variant filters:

SEP–95, 27–42.

Clapp, R., Biondi, B., Fomel, S., and Claerbout, J., 1998, Regularizing velocity estimation using geologic dip information: 68th Ann. Internat. Meeting, Soc. Expl. Geophys., Expanded Abstracts, 1851–1854.

Clapp, R. G., Fomel, S., Crawley, S., and Claerbout, J. F., 1999, Directional smoothing of non-stationary filters: SEP–100, 197–209.

Clapp, R., 2000a, 3-D steering filters: SEP–105, 109–116.

Clapp, R., 2000b, Multiple realizations using standard inversion techniques: SEP–105, 67–78. Cole, S. P., 1995, Passive seismic and drill-bit experiments using 2-D arrays: Ph.D. thesis, Stanford University.

Courant, R., 1962, Methods of mathematical physics: Interscience Publishers, New York. Crawley, S., Clapp, R., and Claerbout, J., 1998, Decon and interpolation with nonstationary filters: SEP–97, 183–192.

Crawley, S., Clapp, R., and Claerbout, J., 1999, Interpolation with smoothly nonstationary prediction-error filters: 69th Ann. Internat. Meeting, Soc. Expl. Geophys., Expanded Abstracts, 1154–1157.

Crawley, S., 1995a, An example of inverse interpolation accelerated by preconditioning: SEP– 84, 289–294.

Crawley, S., 1995b, Multigrid nonlinear SeaBeam interpolation: SEP–84, 279–288. Crawley, S., 1999, Interpolation with smoothly nonstationary prediction-error filters: SEP– 100, 181–196.

Crawley, S., 2000, Seismic trace interpolation with nonstationary prediction-error filters:

Ph.D. thesis, Stanford University.

Daley, R., 1991, Atmospheric data analysis: Cambridge University Press. Daubechies, I., 1992, Ten lectures on wavelets: SIAM, Philadelphia, Pennsylvania. de Boor, C., 1978, A practical guide to splines: Springer-Verlag.

Deregowski, S. M., and Rocca, F., 1981, Geometrical optics and wave theory of constant offset sections in layered media: Geophys. Prosp., 29, no. 3, 374–406.

Deregowski, S. M., 1986, What is DMO: First Break, 4, no. 7, 7–24.

Deutsch, C. V., and Journel, A. G., 1997, Gslib: geostatistical software library and user’s guide: Oxford University Press.

Dragoset, W. H., and Jericevic, Z., 1998, Some remarks on surface multiple attenuation: Geophysics, 63, no. 02s, 772–789.

Dubois, G., 1999, Spatial interpolation comparison 97: Foreword and introduction: Journal of Geographic Information and Decision Analysis, 2, 1–10.

Duijndam, A. J. W., Schonewille, M. A., and Hindriks, C. O. H., 1999, Reconstruction of band-limited signals, irregularly sampled along one spatial direction: Geophysics, 64, no. 2, 524–538.

Fomel, S., and Biondi, B., 1995a, The time and space formulation of azimuth moveout: SEP– 84, 25–38.

Fomel, S., and Biondi, B., 1995b, The time and space formulation of azimuth moveout: 65th Ann. Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1449–1452.

Fomel, S., and Bleistein, N., 1996, Amplitude preservation for offset continuation: Confirmation for Kirchhoff data: SEP–92, 219–227.

Fomel, S., and Claerbout, J., 1995, Searching the Sea of Galilee: The splendors and miseries of iteratively reweighted least squares: SEP–84, 259–270.

Fomel, S., Bleistein, N., Jaramillo, H., and Cohen, J. K., 1996, True amplitude DMO, offset continuation and AVA/AVO for curved reflectors: 66th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1731–1734.

Fomel, S., Clapp, R., and Claerbout, J., 1997, Missing data interpolation by recursive filter preconditioning: SEP–95, 15–25.

Fomel, S. B., 1994, Kinematically equivalent differential operator for offset continuation of seismic sections: Russian Geology and Geophysics, 35, no. 9, 122–134.

Fomel, S., 1995a, Amplitude preserving offset continuation in theory Part 1: The offset continuation equation: SEP–84, 179–198.

Fomel, S., 1995b, Amplitude preserving offset continuation in theory part 2: Solving the equation: SEP–89, 109–132.

Fomel, S., 1996a, Least-square inversion with inexact adjoints. Method of conjugate directions: A tutorial: SEP–92, 253–265.

Fomel, S., 1996b, Stacking operators: Adjoint versus asymptotic inverse: SEP–92, 267–292. Fomel, S., 2000a, Applications of plane-wave destructor filters: SEP–105, 1–26. Fomel, S., 2000b, Seismic data interpolation with the offset continuation equation: SEP–103, 237–254.

Fung, Y. C., 1965, Foundations of solid mechanics: Prentice-Hall.

Gandin, L. S., 1965, Objective analysis of meteorological fields: Jerusalem, Israel Program for Scientific Translations.

Garcia, A. G., 2000, Orthogonal sampling formulas: A unified approach: SIAM Review, 42, no. 3, 499–512.

Gardner, G. H. F., and Canning, A., 1994, Effects of irregular sampling on 3-D prestack migration: 64th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1553–1556.

Gazdag, J., 1978, Wave equation migration with the phase shift method: Geophysics, 43, 1342–1351.

Goldin, S. V., and Fomel, S. B., 1995, Estimation of reflection coefficient in DMO: Russian Geology and Geophysics, 36, no. 4, 103–115.

Goldin, S. V., 1988, Transformation and recovery of discontinuities in problems of tomographic type: Institute of Geology and Geophysics, Novosibirsk (in Russian).

Goldin, S., 1990, A geometric approach to seismic processing: the method of discontinuities:

SEP–67, 171–210.

Goldin, S. V., 1994, Superposition and continuation of tranformations used in seismic migration: Russian Geology and Geophysics, 35, no. 9, 131–145.

Golub, G. H., and Van Loan, C. F., 1996, Matrix computations: The John Hopkins University Press.

Gradshtein, I. S., and Ryzhik, I. M., 1994, Table of integrals, series, and products: Boston:

Academic Press.

Greaves, R. J., and Fulp, T. J., 1987, Three-dimensional seismic monitoring of an enhanced oil recovery process: Geophysics, 52, no. 9, 1175–1187.

Haddon, R. A. W., and Buchen, P. W., 1981, Use of Kirchhoff’s formula for body wave calculations in the earth: Geophys. J. Roy. Astr. Soc., 67, 587–598.

Hale, I. D., 1980, Resampling irregularly sampled data: SEP–25, 39–58. Hale, I. D., 1983, Dip moveout by Fourier transform: Ph.D. thesis, Stanford University. Hale, D., 1984, Dip-moveout by Fourier transform: Geophysics, 49, no. 6, 741–757. Hale, D., 1991, Course notes: Dip moveout processing: Soc. Expl. Geophys. Hale, D., Ed. DMO processing. Society Of Exploration Geophysicists, 1995. Harlan, W. S., 1982, Avoiding interpolation artifacts in Stolt migration: SEP–30, 103–110.

Harlan, W. S., 1995, Regularization by model redefinition:

http://sepwww.stanford.edu/oldsep/harlan/papers/regularization.ps.gz.

Henley, D. C., 1999, The radial trace transform: an effective domain for coherent noise attenuation and wavefield separation: 69th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1204–1207.

Henley, D., 2000, Wavefield separation and other useful applications in the radial trace domain: 70th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 2111–2114.

Hestenes, M. R., and Steifel, E., 1952, Methods of conjugate gradients for solving linear systems: J. Res. Nat. Bur. Stand., 49, 409–436.

Hindriks, K. O. H., Duijndam, A. J. W., and Schonewille, M. A., 1997, Reconstruction of two-dimensional irregularly sampled wavefields: 67th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1163–1166.

Hohn, M. E., 1999, Geostatistics and petroleum geology: Kluwer Academic Publishers. Ji, J., 1994, Near-offset interpolation in wavefront synthesis imaging: SEP–82, 195–208. Journel, A. G., and Huijbregts, C. J., 1978, Mining geostatistics: Academic Press. Kaiser, J. F., and Shafer, R. W., 1980, On the use of the I0-Sinh window for spectrum analysis:

IEEE Trans. Acoustics, Speech and Signal Processing, ASSP-28(1), 105. Karrenbach, M., 1995, Elastic tensor wave fields: Ph.D. thesis, Stanford University. Keys, R. G., 1981, Cubic convolution interpolation for digital image processing: IEEE Trans.

Acoust., Speech, Signal Process., ASSP-29, 1153–1160.

Kolmogoroff, A. N., 1939, Sur l’interpolation et extrapolation des suites stationnaires: C.R.

Acad.Sci., 208, 2043–2045.

Kotel’nikov, V. A., 1933, On the transmission capacity of “ether” and wire in electrocommunications: Izd. Red. Upr. Svyazi RKKA.

Legott, R. J., Williams, R. G., and Skinner, M., 1999, Co-location of 4D seismic data in the presence of navigational and timing errors: 69th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1699–1702.

Li, X., and Gotze, H., 1999, Comparison of some gridding methods: The Leading Edge, 18, no. 8, 898–900.

Liebelt, P. B., 1967, An introduction to optimal estimation: Addison-Wesley, Reading, Mass.

Lin, J., Teng, L., and Muir, F., 1993, Comparison of different interpolation methods for Stolt migration: SEP–79, 255–260.

Liner, C. L., and Cohen, J. K., 1988, An amplitude-preserving inverse of Hale‘s DMO: 58th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1117–1120.

Liner, C., 1990, General theory and comparative anatomy of dip moveout: Geophysics, 55, no. 5, 595–607.

Liner, C. L., 1991, Born theory of wave-equation dip moveout: Geophysics, 56, no. 2, 182– 189.

Lumley, D., 1995, Seismic time-lapse monitoring of subsurface fluid flow: Ph.D. thesis, Stanford University.

Mazzucchelli, P., and Rocca, F., 1999, Regularizing land acquisitions using shot continuation operators: effects on amplitudes: 69th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1995–1998.

Morice, S., Ronen, S., Canter, P., Welker, K., and Clark, D., 2000, The impact of positioning differences on 4D repeatability: 70th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1611–1614.

Moritz, H., 1980, Advanced physical geodesy: Abacus Press.

Mosher, C. C., Foster, D. J., and Hassanzadeh, S., 1997, Common angle imaging with offset plane waves: 67th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1379– 1382.

Nichols, D., 1994, A simple example of a null space and how to modify it: SEP–82, 177–182. Nolet, G., Ed., 1987, Seismic tomography: with applications in global seismology and exploration geophysics D. Reidel.

Notfors, C. D., and Godfrey, R. J., 1987, Dip moveout in the frequency-wavenumber domain (short note): Geophysics, 52, no. 12, 1718–1721.

Ottolini, R., 1982, Migration of reflection seismic data in angle-midpoint coordinates: Ph.D.

thesis, Stanford University.

Paige, C. C., and Saunders, M. A., 1982, Algorithm 583, LSQR: Sparse linear equations and least squares problems: Assn. Comp. Mach. Trans. Mathematical Software, 8, 195–209.

Petkovsek, M., Wilf, H. S., and Zeilberger, D., 1996, A = B: A K Peters Ltd., Wellesley, MA. Popovici, A. M., Blondel, P., and Muir, F., 1993, Interpolation in Stolt migration: SEP–79, 261–264.

Popovici, A. M., Muir, F., and Blondel, P., 1996, Stolt redux: A new interpolation method:

Journal of Seismic Exploration, 5, no. 4, 341–347.

Rickett, J., and Claerbout, J., 1998, Helical factorization of the Helmholtz equation: SEP–97, 353–362.

Rickett, J., and Claerbout, J., 1999a, Acoustic daylight imaging via spectral factorization:

Helioseismology and reservoir monitoring: SEP–100, 171–180.

Rickett, J., and Claerbout, J., 1999b, Acoustic daylight imaging via spectral factorization: Helioseismology and reservoir monitoring: 69th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1675–1678.

Ronen, S., Sorin, V., and Bale, R., 1991, Spatial dealiasing of 3-D seismic reflection data:

Geophysical Journal International, pages 503–511.

Ronen, J., 1982, Stolt migration; interpolation artifacts: SEP–30, 95–102. Ronen, J., 1987, Wave equation trace interpolation: Geophysics, 52, no. 7, 973–984.

Ronen, S., 1994, Handling irregular geometry: Equalized DMO and beyond: 64th Ann. Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1545–1548.

Salvador, L., and Savelli, S., 1982, Offset continuation for seismic stacking: Geophys. Prosp., 30, no. 6, 829–849.

Samko, S. G., Kilbas, A. A., and Marichev, O. I., 1993, Fractional integrals and derivatives:

theory and applications: Gordon and Breach Science Publishers.

Sandwell, D. T., 1987, Biharmonic spline interpolation of GEOS-3 and SEASAT altimeter data: Geophys. Res. Letters, 14, no. 2, 139–142.

Santos, L. T., Schleicher, J., and Tygel, M., 1997, 2.5-D true-amplitude offset continuation:

Journal of Seismic Exploration, 6, no. 2-3, 103–116.

Sava, P., and Fomel, S., 1999, Spectral factorization revisited: SEP–100, 227–234. Sava, P., Rickett, J., Fomel, S., and Claerbout, J., 1998, Wilson-Burg spectral factorization with application to helix filtering: SEP–97, 343–351.

Schwab, M., and Claerbout, J., 1995, The interpolation of a 3 − D data set by a pair of 2 − D filters: SEP–84, 271–278.

Schwab, M., 1993, Shot gather continuation: SEP–77, 117–130.

Schwab, M., 1998, Enhancement of discontinuities in seismic 3-D images using a Java estimation library: Ph.D. thesis, Stanford University.

Schweikert, D. G., 1966, An interpolation curve using a spline in tension: Journal of Mathematics and Physics, 45, 312–313.

Shannon, C. E., 1949, Communication in the presense of noise: Proc. I.R.E., 37, 10–21. Smith, W. H. F., and Wessel, P., 1990, Gridding with continuous curvature splines in tension:

Geophysics, 55, no. 3, 293–305.

Spagnolini, U., and Opreni, S., 1996, 3-D shot continuation operator: 66th Annual Internat.

Mtg., Soc. Expl. Geophys., Expanded Abstracts, 439–442.

Spitz, S., 1991, Seismic trace interpolation in the f-x domain: Geophysics, 56, no. 6, 785–794. Stolt, R. H., 1978, Migration by Fourier transform: Geophysics, 43, no. 1, 23–48. Stone, D. G., 1994, Designing surveys in two and three dimensions: Soc. Expl. Geophys. Stovas, A. M., and Fomel, S. B., 1993, Kinematically equivalent DMO operators: Presented at the SEG-Moscow, SEG-Moscow.

Stovas, A. M., and Fomel, S. B., 1996, Kinematically equivalent integral DMO operators:

Russian Geology and Geophysics, 37, no. 2, 102–113.

Swain, C. J., 1976, A FORTRAN IV program for interpolating irregularly spaced data using the difference equations for minimum curvature: Computers and Geosciences, 1, 231–240.

Symes, W. W., and Carazzone, J. J., 1991, Velocity inversion by differential semblance optimization: Geophysics, 56, no. 5, 654–663.

Symes, W. W., 1999, All stationary points of differential semblance are asymptotic global minimizers: Layered acoustics: SEP–100, 71–92.

Tarantola, A., 1987, Inverse problem theory: Elsevier.

Tenenbaum, M., and Pollard, H., 1985, Ordinary differential equations : an elementary textbook for students of mathematics, engineering, and the sciences: Dover Publications.

Thévenaz, P., Blu, T., and Unser, M., 2000, in Handbook of Medical Image Processing , in press.

Thorson, J. R., and Claerbout, J. F., 1985, Velocity stack and slant stochastic inversion: Geophysics, 50, no. 12, 2727–2741.

Tikhonov, A. N., and Arsenin, V. Y., 1977, Solution of ill-posed problems: John Wiley and Sons.

Timoshenko, S., and Woinowsky-Krieger, S., 1968, Theory of plates and shells: McGraw-Hill.

Unser, M., Aldroubi, A., and Eden, M., 1993, B-spline signal processing: Part I – Theory:

IEEE Transactions on Signal Processing, 41, 821–832.

Unser, M., 1999, Splines: a perfect fit for signal and image processing: IEEE Signal Processing Magazine, 16, no. 6, 22–38.

van Dedem, E. J., and Verschuur, D. J., 1998, 3-D surface-related multiple elimination and interpolation: 68th Ann. Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1321– 1324.

Červeny̌, V., Molotkov, I. A., and Pšenčik, I., 1977, Ray method in seismology: Univerzita Karlova, Praha.

Verschuur, D. J., and Berkhout, A. J., 1997, Estimation of multiple scattering by iterative inversion, part II: Practical aspects and examples: Geophysics, 62, no. 05, 1596–1611.

Watson, G. N., 1952, A treatise on the theory of Bessel functions: Cambridge University Press, 2nd edition.

Weglein, A. B., Gasparotto, F. A., Carvalho, P. M., and Stolt, R. H., 1997, An inversescattering series method for attenuating multiples in seismic reflection data: Geophysics, 62, no. 06, 1975–1989.

Wilson, G., 1969, Factorization of the covariance generating function of a pure moving average process: SIAM J. Numer. Anal., 6, no. 1, 1–7.

Wolberg, G., 1990, Digital image warping: IEEE Computer Society Press.

Woodward, M. J., Farmer, P., Nichols, D., and Charles, S., 1998, Automated 3-D tomographic velocity analysis of residual moveout in prestack depth migrated common image point gathers: 68th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1218–1221.

Zhao, Y., 1999, Helix derivative and low-cut filters’ spectral feature and application: SEP–100, 235–250.

Zhou, B., Mason, I. M., and Greenhalgh, S. A., 1996, An accurate formulation of log-stretch dip moveout in the frequency-wavenumber domain: Geophysics, 61, no. 03, 815–820.