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Data dependent parameterization and covariance calculation for
inversion of focusing operators

Barbara E. Cox1

ABSTRACT

The Common Focus Point (CFP) method makes it possible to convert conventional two
way traveltimes to focusing operators that represent one way traveltimes. These focusing
operators are inverted to obtain a velocity model. The under-determined nature of the
inversion problem is addressed by the data dependent adjustment of the parameterization
by means of the a posteriori covariance. This results in an efficient, non-laborious algo-
rithm producing well determined inversion problems. The required a posteriori covari-
ance is normally explicitly solved in the explicit matrix calculation during optimization.
However, these explicit calculations are not feasible in larger problems. Fortunately, al-
gorithms have been proposed to extract the a posteriori covariance from the more efficient
approximate matrix inversion algorithms that are available.

INTRODUCTION

The quality of a seismic image is highly dependent on the accuracy of the velocity model of
the subsurface. The CFP method (Berkhout, 1997a,b; Thorbecke, 1997) has proven to be an
appropriate tool to estimate this velocity model, because the inversion of one way traveltime
data (focusing operators) generated by this method is inherently simpler than the inversion of
conventional two way traveltime data (Kabir and Verschuur, 2000; Hegge, 2000).

In this report, the inversion of focusing operators is also used to obtain a velocity model.
As in all geophysical inversion problems, the under-determined nature is a problem that should
be faced. Normally, this is handled by two methods; 1) choosing a well determined parame-
terization (global parameterization by user defined layers), or 2) regularizing the optimization
(including a priori information and model covariance). A drawback of the first method is that
it puts a constraint on the result and it can be laborious. Moreover, incorrect initial parame-
terization can lead to slow or non-convergence. A drawback of the second method is that the
problem of over-parameterization is still not solved (e.g. when a regular grid is used). This
might cause problems when the inversion problem is regularized; the model parameters need
different levels of regularization, as certain regions in the model might consistently be more
under-determined. In the data dependent parameterization shown in this report both meth-
ods will be combined; adjustment of the parameterization is based on the covariance after
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optimization. In the explicit least squares or singular value decomposition (SVD) optimiza-
tion methods, the a posteriori covariance is generated during optimization. However, in more
practical approximate optimization methods, obtaining the covariance becomes more difficult.

In this report, the concept of the CFP method and the focusing operator updating will be
explained in the first section. Next, the inversion of the focusing operators, and the data depen-
dent parameterization will be considered. The method will be applied to a synthetic example.
The last part will compare the different approximate inversion algorithms for obtaining the
inverse and the a posteriori covariance. Finally, some conclusions and plans for future work
will be presented.

CFP METHOD

Focusing operators

For each point in the subsurface, seismic migration can be written in terms of two focusing
steps: focusing in detection followed by focusing in emission. The focusing is done by a
focusing operator, which can be considered as a one-way seismic response from one point in
the subsurface to locations at the surface (Fig.1).

The first focusing step is performed by time-convolving a shot record with the focusing
operator of the point under consideration. Next, all traces in the obtained move-out corrected
shot record are summed (considershot 1in Fig.1). When this first focusing step is applied to
all shots, each shot record is transformed into a single trace by the focusing operator (consider
shot 1,2-nin Fig.1). Together those traces define the so-called common focus point gather
(CFP-gather). Each trace in the CFP gather is positioned at the source position of its corre-
sponding shot record. One event in the CFP-gather is the focus point response. If the velocity
model is correct, the focus point response and the time-reversed focusing operator (= Green’s
function) have equal traveltime: principle of equal traveltime (Fig.1).

Note that the first focusing step "transforms" conventional two way data to one way CFP
data. The second focusing step is performed by applying the focusing operator again. This
procedure transforms the focus point response into the seismic image of the subsurface grid
point under consideration (CFP-stacking). In this report only the first step is considered, be-
cause this is the required step for obtaining focusing operators as will be shown in the next
section.

Concept of focusing operator updating

The principle of equal traveltime formulates that the time-reversed focusing operator (based on
the underlying velocity model) and the focus point response (based on the underlying seismic
measurements) must have equal traveltime. In the situation of velocity errors both the operator
and the response contain an error. The error in the operator has an opposite effect on the
error in the response. Therefore, the exact operator is situated somewhere between the wrong
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Figure 1: CFP method explained schematically, by both ray pictures and time sections; a
modeled focusing operator (one way traveltime (owt)) is applied to a shot (two way traveltime
data(twt)), resulting in move out corrected data. The stack of these data result in one trace of
a CFP gather (owt). This is done for all (1,2......N) shots, generating a complete CFP gather.
When a correct focusing operator is applied, the time-reversed focusing operators and the
focus point response (one event in CFP gathers) have equal traveltime.barbara-fop[NR]
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operator and the wrong response, depending on the velocity error and the local dip. A data
driven update procedure (Berkhout, 1997a; Thorbecke, 1997; Bolte and Verschuur, 1998) for
the focusing operator is as follows (Fig.2):

• Cross-correlate each trace of the time-reversed focusing operator with the corresponding
trace of the CFP-gather. The result is a correlation panel, which contains stretch-free
move-out corrected data around zero time;

• Update each trace of the focusing operator with half the corresponding time-shift in the
correlation panel.

Finally, the correlation panel will show a flat event at zero time, indicating that the principle
of equal traveltime is satisfied (Fig.2). This procedure will result in exact focusing operators,
indicating the response from one point in the subsurface to acquisition locations at the surface.
Note that at this stage, no velocity model is involved yet. By the inversion of the traveltimes
of these focusing operators a velocity model of the subsurface may be derived .

FOCUSING OPERATOR INVERSION

The CFP velocity estimation that is described in this report is based on a separated inversion
method, in which first the focusing operators are obtained from the conventional data (focusing
operator updating as described in the previous section), and after that the velocity model is
estimated by inverting these focusing operators. In the model, both the velocity and the exact
locations of the focus points are unknown. The inversion of the focusing operators should
result in a velocity model (that represents the velocity structure of the subsurface) and the exact
location of the focus points (that corresponds to reflection energy). This inversion process is
carried out with traveltime tomography.

Traveltime tomography

Traveltime tomography generates a velocity model of the subsurface from the observed travel-
time response through the subsurface. In focusing operator inversion, the traveltime response
is the traveltime of the focusing operator. Traveltime tomography contains three main steps:
parameterization of the velocity in the subsurface; forward modeling through the subsurface
model to obtain modeled focusing operators; and optimization in which the difference be-
tween the traveltimes of the observed and the modeled focusing operators is used to optimize
the velocity model and the focus points positions. If the traveltimes of the observed and the
modeled focusing operator correspond, an accurate velocity model is obtained. The strategy
for focusing operator inversion is presented in Figure 3.
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Figure 2: Focusing operator updating.Top: Adding half the time shift (dashed line) in cor-
relation panel to the initial focusing operator (solid line in upper plot) results in an updated
focusing operator (dash-dotted line in lower plot). Dashed line in lower plot represents the
focus point response in the CFP gather.Bottom: 4 iterations of focusing operator updating;
upper plots show CFP gather and focusing operator (gray line); lower plots show correlation
panels. Note that after 4 iterations this panel is flat due to the principle of equal traveltime
(after Bolte (1998)). barbara-fopup[NR]
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Figure 3: Strategy flowchart of
inversion of focusing operators
barbara-flow[NR]

Parameterization

There are several ways to describe the velocity model by a set of parameters. A layered
parameterization described by global basis functions can be used, i.e. the velocity is estimated
for regions and layers in the subsurface defined by the user. However, this parameterization
constrains the possible range of solutions. Parameterization based on local basis functions is
a more flexible description of the velocity model. The model can be described by cells or
grid-points at which the values of the parameters (i.e. the values of the velocity field) are
defined.

In the algorithm for tomographic inversion of focusing operators, Delaunay triangulations
are used to construct cells (triangles) between grid-points (Fig.4a,b). The velocity is defined
at the grid-points and the velocity within the triangles is calculated by a linear interpolation
between the three grid-points defining each triangle (Fig.4b). In this way, every point can
adopt an optimum velocity, and any kind of subsurface can be described. The focus points
are defined independently of the velocity points. The focus points are related to positions
where reflection energy is available. By parameterizing them independently of the velocity
grid-points, the velocity changes are not dependent on, or constrained to, the reflectors.

de
pt

h 
(k

m
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lateral distance lateral distance

Figure 4: Parameterization of the velocity model. (a) The velocity is defined at grid-points
(black dots) in the subsurface. (b) The grid-points are connected by Delaunay triangulation.
The velocity within the triangles is calculated by linear interpolation.barbara-param[NR]
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Forward Modeling

Forward modeling is done by ray tracing in the initial velocity model. An imaginary shot (fo-
cus point) is positioned in the subsurface and rays are traced towards receivers at the surface.
In this way modeled focusing operators are obtained. The differences between the traveltimes
of these operators and the real focusing operators are used to optimize the velocities in the
model and the locations of the focus points. Moreover, the traced rays are needed to define the
relation between the traveltime data and the model parameters (matrixA, in the next subsec-
tion).

Optimization

Optimization is done by calculating the updates of the model parameters by means of the
difference between the traveltimes of the modeled and the observed focusing operators. The
relation between the traveltime data and the model parameters is assumed to be linear:

1d = A1m, (1)

where1d contains the difference in traveltimes,1m contains the update in model parameters,
andA describes the linear relation between these traveltimes and the model parameters. It
might be very difficult to solve for the model vector1m in terms of the data vector1d, as
matrixA generally is not invertible. However, the generalized matrix inverses can be obtained
by several methods. The generalized inverse obtained by these methods is defined by a dagger:

1m = A†1d, (2)

When a least squares method is chosen to obtain a generalized inverse, an update of1m is
calculated by:

1m =
(
ATA

)−1
AT1d, (3)

whereA†
=

(
ATA

)−1AT is the generalized inverse. Another way to obtain the generalized
inverse is for example by singular value decomposition (SVD). Berryman (2001a) gives a
profound overview of the available methods and their capacities. Several methods of approxi-
mating the generalized inverse will be presented in one of the next sections.

DATA DEPENDENT PARAMETERIZATION

As inversion problems are generally under-determined, they should be stabilized. Stabilization
methods can be divided into two groups:

• Regularization of optimization;

• Adjustment of parameterization;
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The first method can be performed by both regularization criteria (e.g. damping of the least
squares method, or truncated SVD) and model regularization (e.g. including a priori infor-
mation or conditional covariance matrices in the optimization). A drawback of this method,
however, is that the problem of over-parameterization is still not solved, which might cause
problems when the inversion problem is regularized. The second method, the adjustment of
parameterization, can for example be done by using a global parameterization. However, as
mentioned before, this parameterization constrains the possible range of solutions, and incor-
rect initial parameterization can lead to slow or non-convergence.

In the inversion of focusing operators an attempt is made to combine both stabilizing
methods; the adjustment of parameterization is based on the covariance after optimization;
the a posteriori covariance. Model parameters that have a high variance are removed, and in
regions containing low variance parameters, extra parameters can be added. In this way, the
inversion problem is well determined and over-parameterization is avoided. Moreover, all the
available information within the data will be translated to the model, as the parameterization
adapts to the data.

If the data is used to determine the parameterization, as a consequence the obtained pa-
rameterization tells something about the data. A coarse parameterization exposes for example
that more focus points should positioned in that region (of course this is only possible if data
related to the focus point is available). On the other hand, when updated focus points are
positioned very close to each other, it might be wise to remove/shift them, as they will only
duplicate information.

Figure 5: Strategy flowchart for
inversion if focusing operators with
data dependent parameterization.
The extra steps w.r.t. Figure 3 are
underlined. barbara-flowap[NR]

A posteriori covariance

The a posteriori covariance is an important tool to evaluate the solution of the optimization.
Therefore it is useful to use it as a criteria for the adjustment of the parameterization. The
covariance matrix can be calculated during optimization by (Menke, 1984):

C = A†(A†)T , (4)
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When least squares optimization (shown in equation (3)) is used, the first term on the right
hand side corresponds to the covariance matrix, so

C =
(
ATA

)−1
. (5)

The covariance matrix containsM diagonal elements that correspond to the (M) variances of
the model parameters. These elements are used to adjust the parameterization after optimiza-
tion (Fig.5).

In Figure 6 an example of the use of a posteriori covariance for data dependent parameter-
ization is shown. For the velocity model shown in Figure 6a the traveltime data corresponding
to the rays in Figure 6b are available. When the a posteriori covariance matrix is calculated and
the diagonal elements of the matrix (variances) are plotted for each grid-point, this results in
an image as shown in Figure 6c. In this image the dark values indicate low variance and light
values indicate high variance. As mentioned before, high variance grid-points are removed,
and in regions containing low variance grid-points extra parameters can be added. This finally
results in the data dependent parameterization shown in Figure 6d.

(a) (b)

(d) (c)

Figure 6: Example of data dependent parameterization. (a) Delaunay triangulation in model
defined by a regular grid. (b) Ray-paths from a focus point at position (4.0km; 3.5km) to the
surface. (c) Variances at the grid-points in the optimization with ray-paths in (b). Dark values
indicate low variance, light values indicate high variance. (d) Adjusted parameterization based
on the variances.barbara-datadep[NR]

A synthetic example

The algorithm for tomographic inversion of focusing operators with data dependent parame-
terization is applied to a synthetic 2D case. The model contains a salt dome, fault structures
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beneath the dome, a complex turbidite velocity structure with low velocities, and lateral and
vertical velocity gradients within the layers (Fig.7a). This is the "real" velocity model of the
subsurface, in which (in this synthetic case) the focusing operators are generated (Fig.7b). The
positions of the focal points are represented as black dots in Fig.7a. An initial velocity model
and an initial estimate of the focal point positions are needed to start the updating procedure
(Fig.7c). From these initial locations focusing operators are modeled in the initial velocity
model (Fig.7d). Note that for display purposes, a wavelet has been assigned to each operator,
and the resulting wave fields have been shown. In the inversion algorithm, only the traveltimes
are used. By the traveltime difference between the modeled operators and the real operators,
the velocity model and focal point positions are updated. In each iteration, the parameteriza-
tion will be adjusted and the velocity model and focal point positions will be updated.

The final result after 6 iterations is shown in Figure 8 (displayed in terms of squared-
slowness). Note that at locations with high data information (i.e. originally low variances),
the density of the grid-points is high. The corresponding velocity model of the final result is
also shown in Figure 8. The positions of the focal points are similar to the real focal point
positions in Figure 7a. The velocity model also resembles the real model, altough it is a
smooth solution of the real case. However, the upper two layers (water layer, and layer below)
are not well resolved, which is indicated by the higher velocity, and the downward shifted
focus points. This artifact is caused by the severe ray distortion originated in the salt dome.
When this velocity model is used for migration (Fig.8), most reflectors are clearly visible.
Nevertheless, the inaccuracy of the upper two layers (water layer, and layer below) is also
visible in this migration. In particular above the salt dome, where the reflectors are shifted
downward.

APPROXIMATE COVARIANCE CALCULATION

For small scale problems, generalized inverses can be calculated easily by explicit matrix
calculation during least squares optimization, or during SVD. However, for larger problems
this becomes impractible. Several methods for approximation of the generalized inverse have
been developed to circumvent this problem. In these methods no explicit matrix calculation
is required. However, as the generalized inverse can not be solved explicitly, neither can the
covariance matrix be provided by these methods. Several methods for obtaining the covariance
matrix from the generalized inverse approximation are available. The approximation methods
for the inverse and the covariance can be divided in two groups: iterative methods and model
space weighting methods. Both approaches are considered in this section.

Iterative methods

The iterative methods for obtaining the generalized inverse are based on the SVD method. The
available methods are among others Conjugate Gradient (CG) (Hestenes and Stiefel, 1952) and
LSQR (Paige and Saunders, 1982). Berryman (2001b) provides a complete overview of the
iterative methods, and an analysis of their capacities. All the iterative methods lead directly to
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Figure 7: Velocity models of a synthetic case. Black dots represent focal points. (a) Real
velocity model and focal points (b) Real focusing operators (modeled in (a), using a wavelet for
display); (c) Initial model (squared slowness) and initial focal points; (d) Focusing operators
modeled in (c)barbara-synth[NR]
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Figure 8:Top: Final (sixth) update of model (squared slowness) and focal points; open dots:
real focus point locations, black dots: updated focus point location;Middle: Final update of
model (velocity) and focal points.Bottom: Migration with velocity model displayed in figure
above. barbara-res[NR]
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approximations of the generalized inverseA†. In general, carrying these iterative processes to
completion will produce a result closely approximatingA†.

Yao et al. (1999) and Berryman (2001b) provide methods for calculating the a posteriori
covariance for iterative methods based on SVD. For a thorough description of the methods I
refer to these papers. The principle is as follows; each iteration provides one extra vector in
the solution space. AfterK iterations theseK vectors are used for calculating the a posteriori
covariance. As a consequence, if more iterations are performed, not only the approximated
inverse but also the a posteriori covariance becomes more accurate. Figure 9b,c shows a
posteriori covariance matrices forM = 33 model parameters obtained by respectively CG and
LSQR. Both matrices resemble the real a posteriori covariance matrix (Fig.9a). Note that both
methods compute the complete covariance matrix, so also the non diagonal elements.

Model space weighting methods

Another approach of approximating the inverse and the a posteriori covariance matrix is pro-
vided by the work of Claerbout and Nichols (1994). Rather than trying to solve the explicit
inverse problem the adjoint ofA is applied to the data, and a diagonal operatorW2

m is con-
structed, such that

1m = W2
mAT1d, (6)

in whichW2
m is related to the model space weighting. This term is needed to obtain the correct

physical units. Note that this term also corresponds to the a posteriori covariance. The most
significant properties of the model space weighting term can be explored by measuring its
effects when applied to a reference model1mref.For example, ifW2

m is given by

W2
m =

diag(1mref)

diag
(
ATA1mref)

) ≈
(
ATA

)−1
, (7)

will have the same units asA†, and the properties of this term can be explored. Two choices
of 1mref will be shown here (Biondi, 1998):

• 1mref =unity vector

• 1mref =unit vectorek in k direction inm-D (k = 1,2, ...,m)

The first choice results in the sum of the elements in each column ofA in the denominator.
The second choice results in the sum of the square of the elements in each column ofA
in the denominator. The obtained vector forms the diagonal in the approximated

(
ATA

)−1
.

Figure 9d,e shows a posteriori covariance matrices forM = 33 model parameters obtained by
respectively the "sum" approximation and the "diagonal" approximation. Note that only the
diagonal elements are calculated. These elements resemble the diagonal of the real a posteriori
covariance matrix (Fig.9a).

Whether the iterative methods, or the model space weighting methods should be used for
calculation of the covariance matrix depends also on the algorithm that is used for calculat-
ing the approximate inverse. In general, iterative methods are used for tomography, and the
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vectors needed for calculation of the covariance are obtained without any extra costs. The cal-
culated covariance matrix will reflect the status of the inversion after the performed number of
iterations. However, a drawback of these methods is that the solution space vectors need to be
saved after each iteration. Moreover, not performing enough iterations might result in strange
covariance matrix. Nevertheless, this matrix will still reflect the status of your inversion af-
ter the performed number of iterations. The model weight methods are very cheap, and give
accurate results of the diagonal elements of the covariance. Nevertheless, the non-diagonal
elements are not calculated. However, as for the re-parameterization only this diagonal is
considered, these methods might be sufficient. When the covariance between the different pa-
rameters is going to play a role in the inversion too, the full covariance matrix obtained from
the iterative methods should be used.

CONCLUSIONS

The proposed algorithm for inversion of focusing operators results in an accurate update of
both velocities and focus point locations. The data dependent parameterization is an efficient,
non-laborious algorithm resulting in well determined inversion problems. The a posteriori
covariance that is needed in the algorithm can also be extracted from the approximate matrix
inversion algorithms that are available.

FUTURE WORK

Although in the proposed method all the available information in the data can be translated to
a model, this might still not result in a clear image of the subsurface. This can for example
be caused by poor data quality or missing data in crucial regions. Therefore, it should always
be possible to include a priori information about the subsurface into the inversion. Including a
priori velocity information is already possible, however, it might also be necessary to include
other information criteria in the inversion scheme.
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methods. barbara-covariance[NR]
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