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1. Introduction

In the last decade, size-dependent effects in nanomaterials including materials containing nano-voids have focused the
attention of many researchers. Early works have tried to model the transition zone between the nano-inclusion and the sur-
rounding matrix as a thin but still three-dimensional layer [13,17]. An alternative approach consists in adopting an interface
description which is two-dimensional in nature. Progress has been gained in the understanding of inclusion size effects on
the effective elastic properties. Classical homogenization schemes as well as first order bounds in the theory of elastic het-
erogeneous media have been extended in order to incorporate interface and interface stresses (see e.g. [4,15,6]).

In contrast, it seems that few attention has been paid so far to the question of the effective strength of nanomaterials with
account for interface effects. In the context of the ductile failure of porous materials, the Gurson model [12] is well known to
provide a efficient approach of the strength reduction due to the porosity. The purpose of the present paper is to extend this
model in order to capture the influence of interface stresses.

To begin with, in view of subsequent extensions, the basic features of the classical Gurson approach are recalled. Then, the
mechanical model of interface stress is introduced. It is first illustrated by the capillary forces and their influence on the
effective strength. Finally, the case of interface stresses obeying a von Mises failure criterion is considered.

2. Ductile failure of porous media and Gurson model

Let us consider a r.e.v. Q of a porous material with porosity f. The solid domain is Q° ¢ Q. The average on Q (resp. €°) of a
field a(z) is denoted by a (resp. a*):
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1 1
azﬂ/ga(g)dv, a =0 /ma(g)dv (1)

The derivation of the Gurson model presented below is based on the rigorous framework of Limit Analysis which can be
found in [1,8,16]. The textbooks [9,10] also introduced the main concepts of this theory for the derivation of the macroscopic
strength of ductile porous media. Let £ and D respectively denote the macroscopic stress and strain rate tensors. 7" (D) is the
set of microscopic velocity fields, v(z) being kinematically admissible with D. The latter are defined by uniform strain bound-
ary conditions:

7°(D) = {2, (Vz € 9Q)v(z) =D - 2} (2)
Let us consider a microscopic stress field o(z) in equilibrium with X in the sense of the average rule © = @. Hill's lemma states
that:

1

r:D=—
12| Jo

¢:ddV (3)
The strength of the solid phase is characterized by the convex set G° of admissible stress states, which in turn is defined by a
convex strength criterion f*(o):

G ={s.f'(e) <0} (4)

The dual definition of the strength criterion consists in introducing the support function 7*(d) of G°, which is defined on the
set of symmetric second order tensors d and is convex w.r.t. d:

7*(d) = sup(e : d, 6 € G) (5)

7°(d) represents the maximum “plastic” dissipation capacity the material can afford. In the absence of interface effect, the
macroscopic counterpart of 75(d) is defined as:

1

m™"o)=(1-f) inf ws(dy® with d= 3 (grady+'grady) (6)

ve7 (D)

Using Eq. (3) together with the definition equation (6), it can be shown that I7"™ is the support function of the domain G™™
of macroscopic admissible stresses:

II"™(D) = sup(X : D, X € G"™) (7)

The limit stress states at the macroscopic scale are shown to be of the form £ = 8I7"™ /5D.
Starting from this general framework, the classical Gurson approach devoted to porous media deals with the case of a von
Mises solid phase:

3
f(6)=504: 040, ®)
where 6, is the deviatoric part of 6. The support function 7°(d) accordingly reads:
—_0- S _ i _ 2d -
trd=0: 7(d)=0.dy withd,=,/5d:d ()

trd=0: 7(d) = +o0

The Gurson model introduces two simplifications. It first consists in representing the morphology of the porous material by a
hollow sphere instead of the r.e.v.. Let R, (resp. R;) denote the external (resp. cavity) radius. The volume fraction of the cavity
in the sphere is equal to the porosity f = (Ri/R.)®. Then, instead of seeking the infimum in Eq. (6), I1"°™ (D) is estimated by a
particular microscopic velocity field »(z). In the solid, the latter is defined as the sum of a linear part involving a second order
tensor A and of the solution to an isotropic expansion in an incompressible medium. In spherical coordinates, it thus reads:

R3
@) =Az+o e (10)
In the pore, the strain rate is defined from the velocity at the cavity wall:
d=A+o1 (11)

The local condition trd = 0 has to be satisfied in the case of a von Mises material (see equation (9)). This implies that A is a
deviatoric tensor: trA = 0. Furthermore, the boundary condition Eq. (2) at r = R, yields:

D=A+of1 (12)

which reveals that A is the deviatoric part D, of D, while « is related to its spherical part:
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1
A =Dy; a_B—ftrD (13)
The combination of Egs. (11)and (13) also yields:
d-p, 01 14

3f
Recalling Eq. (6), the use of 2¢ (giving strain rate d°) provides an upper bound of I1"":
™) < (1 -f)me @y (15)

Using Eq. (9), the derivation of the right hand side in Eq. (15) requires to determine the average of d., over €. In order to
obtain an analytical expression, it is convenient to apply the following inequality to ¥ =d :d = 3d2q/2 [12]:

/\/de<4n/Rer2<<g) )l/zdr (16)
[od R;

where 7(r) is the sphere of radius r and (%), is the average of %(r, 0, ¢) over all the orientations:

9oy = an / 4(r,0, ¢)d (17)

This eventually yields the following upper bound of I7"°™(D):
/1 1 f222
IIP™(D) = 6ofD,, ( (arcsinh(¢) — arcsinh(f¢)) f —y/1 ) (18)

with Deg = /2Dy : D4/3 and & = 20t/Deq. In this standard case (no interface effect), it is emphasized that the pore size R; does
not matter by itself since only the ratio R;/R. = f!/? intervenes in the expression Eq. (18).

The last step is the derivation of the limit states £ = oIT*™ /oD. It is first observed that I7%°™(D) is in fact a function of D
through o and Deg:

_OIIE™ 9o OITE™ 9Deg
" 9x 0D ' 0D, 0D

(19)

where

o0 1. 0Dy 2
oD 3f 9D 3D ¢

(20)
The combination of Egs. (19) and (20) also yields:
1 arriem e O™
trszw ,ZQQ7 32(12(1/27 8Deq (2])

In turn, Eq. (18) leads to:
tr¥ = 20,(arcsinh(¢) — arcsinh(f¢))

Zeq :Ga< 1+f252*f\/1+52> (22)

Eliminating ¢ between the spherical and deviatoric parts of £ eventually leads to the well known Gurson strength criterion:

2

ZJ +2f cosh (tr2> 1= (23)

This equation characterizes the boundary of the domain G?;’m which support function is H'(‘;‘”". This domain is in fact an upper
bound of the exact domain G"™ of macroscopic admissible stresses, that is, G'" c G&™.

3. Interfaces and interface stresses

The recent literature devoted to nanocomposites has extensively presented the concepts of interface and interface stres-
ses [2,14,3,15,5]. In fact, these concepts are already present in the modelling of capillary forces [7]. The interface itself is a
mathematical model for a thin layer between two phases across which the traction vector undergoes a discontinuity. In con-
trast, the displacement and the tangential strain components are continuous (see [4]). Introducing the local unit normal vec-
tor n to the interface S, the stress discontinuity [s]-n is related to the interface stresses ¢ by the generalized Laplace
equations which physically represent the condition for the mechanical equilibrium of the interface [20]:
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N 6] N=-7:x

P-n=-Vs.1 (24)

where V- denotes the divergence operator defined on the interface S,P = 1 — n ® n and « is the curvature tensor. The stress
state 7 locally meets the plane stress conditions w.r.t. the tangent plane to the interface. We herein consider that the pore/
solid boundary is such an interface.

The interface stresses also manifest themselves by a specific contribution to the energy " developed by the internal
forces in the strain rate field d:

W:/a:ddvz/a;ddw/f;dds (25)
Q o S
From a mathematical point of view, Eq. (25) amounts to saying that the internal forces can be represented by the sum of a
standard Cauchy stress field ¢ in the solid and by a Dirac distribution  of stresses of support S. Hence, the integral in the left-
hand side of Eq. (25) must be understood in the sense of the distribution theory.

Since the interface stress state is a plane stress one, the work it develops in the strain rate d only depends on the projec-
tion d™ of d on the local tangent plane, which is defined as [6]:

d"=T:d withT=P3P (26)

with AgBijkl = (Aikle + A,‘[B]‘[)/Z.
The surface integral in the expression of %~ has a counterpart in the homogenized support function I7"°™(D) which now
reads:

1

hom s _ S S i
m°"(D) = inf ((1 fimd) sl

int ver (D)

(T d)dS) (27)

7"t denotes the support function of the domain G™ of admissible surface stresses (see also Eq. (5)):
a"(T :d) =sup(r: T:d,z € G™) (28)

It is emphasized that the latter meet the local plane stress conditions.
The extension of the Gurson model to interface effects simply consists in estimating the support function I7"™(D) by the
upper bound obtained for the velocity field ¢ introduced in Eq. (10):
1 .
mner (o) = 11" () il )k (T - d%)dS (29)
Clearly, we are left with the determination of the interface correcting term, which has to be added to the standard expression
Eq. (18).

4. Influence of capillary forces

When the pore space of the rev is filled by a fluid, capillary effects develop in the solid/fluid interface. In particular, intro-
ducing the surface tension y¥ at the solid/fluid boundary, interface stresses of the form ¢ = y¥P must be considered. Using
this expression in the work of internal forces Eq. (25), Hill’s lemma Eq. (3) now reads:

z:D:l(/a:ddesf/p:das) (30)
19\ Jes s

Let us now return to the Gurson framework in which the pore/solid interface S is a sphere of radius R;. However, as opposed
to the classical formulation of the model in which only the ratio R;/R. matters, the internal radius R; is not arbitrary since it is
equal to the pore radius: R; = R,. The external radius R, is still related to the porosity by R. = Rif /3. As regards the surface
integral in Eq. (30), the strain rate d can be replaced by d' given from Eq. (11). Recalling the identity

81R:
/PdS: 2 (31)
Js 3
and that f = R}/R?, one obtains
&) ()
r——2-1):D=— -d dV 32
(=% 2 \Jo® 52

Considering an admissible macroscopic stress state X € G™™, Eq. (32) provides an upper bound of the macroscopic work
(X — (2y?/Rp)1) : D, in the form:

sp
(VE € G™™) <z - %1) .D < I1""(D) (33)

Please cite this article in press as: L. Dormieux, D. Kondo, An extension of Gurson model incorporating interface stresses effects, Int. J. Eng.
Sci. (2010), doi:10.1016/j.ijengsci.2010.01.004



http://dx.doi.org/10.1016/j.ijengsci.2010.01.004

L. Dormieux, D. Kondo / International Journal of Engineering Science xxx (2010) xXx—xXX 5

Eq. (33) states that H'&"’"(D) is an upper bound of the support function of the image of G™" by the translation
t — t— (2y?/R,)1. This conclusion is in agreement with the result of the modified secant method applied to partially satu-

rated porous media [11]. With the same approximation as done in the Gurson model, we can conclude from Eq. (23) that the
boundary of G™™ can be estimated by

trx — 6y /R, 2
s /Ry )714 0 (34)

Note that this boundary is non symmetric w.r.t. the trZ = 0 axis since it is translated (to the right) w.r.t. the classical Gurson
yield surface. Another derivation of Eq. (34) consists in observing that the capillary tension is a very particular case where
there is only one admissible surface stress so that G™ reduces to the stress state = y¥P. Accordingly, it is readily seen that
the corresponding support function is 7" (T : d) = y¥P : d which can be introduced into Eq. (29), so that Eq. (34) is retrieved.

Taking the air-water surface tension as an order of magnitude for the solid-gas surface tension y*?, say 70]/m?, it is inter-
esting to determine the range of pore radii R, for which the contribution of the surface tension in Eq. (34) becomes significant
with respect to the matrix strength ¢,. For metals, assuming ¢, ~ 200 MPa, it is found that the critical radius is of about
50nm which is typically the order of magnitude of nanopores size. Interestingly, assuming a brittle failure mechanism at
the local scale, [18,19] also derive a non symmetric failure surface at the macroscopic scale.

qu 2 h
73+ f cos <

5. Extension of the Gurson model: the von Mises interface:

We now assume that the strength of the interface can be described by a von Mises criterion

3 2
57T~ ki, <0 (35)
in plane stress condition, where z; denotes the deviatoric part of the interface stress z. The strength of the interface is then

similar in nature to that of the matrix, up to the fact that it has a bidimensional character. In the local tangent plane which
unit normal vector is n = e,, the support function of the domain G™ then reads (see [8]):

in 1
(T : d) =2k r\/§ (dzg + d?w + dtzﬂo + d(}()d(/)(/)> (36)

where k™ has the physical dimension of a membrane stress, that is, a force per unit length. The tensor d whose components
appear in Eq. (36) is the pore strain rate d' given in Eq. (14), which is then projected on the tangent plane by the operator T.

The projection operator T(6, ¢) depends on the location on the spherical cavity wall (see Eq. (26)):
T=PP with P=1-¢®e

37)
The components of the strain rate tensor appearing in Eq. (36) are then given by
da(/f =€y ég[i T:d (38)
with o, = 0 ou @, that is:
dyy =T . d' (39)

P I

5 1 05 0 05 1

Fig. 1. (1) classical Gurson model; (2) extended Gurson model with f = 0.1 and I = 0.2; (3) parabola of Eq. (48); (4) parabola of Eq. (49).
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. S . . .
with T =e, ® es : T. It is therefore convenient to introduce the fourth-order tensor M:

M = T(/)(p ® T(/)(p + T()D ® T()() + T(p() ® T(/)ﬂ + T(/)(p ® T()ﬂ (40)
such that

(T - d) = ZIc,m/;d ‘M d (41)

In order to determine the contribution /7™ of the interface to I1"™(D) (see Eq. (27)), we are left with the integration over the
spherical interface:

inr 2kmt/ I I
fd M :ddS 42
1] \V3 (42)

As in the classical derivation of the Gurson criterion, we have to replace IT™ by an upper bound in order to obtain an ana-
lytical expression:

o 2kineRE ~
" < |Qf‘ "fg—” / d . v:ddo (43)
JSo

where S, is the (boundary of the) unit sphere. Since d' is a constant, the right hand side in Eq. (43) can be put in the form:

o 2k R
mnt < =0 4—nd': < M (0, ¢>)d0> d' (44)
12| 3 5
Noting from Eq. (40) that:

. Mda:n<gﬂ<+4ﬂ> (45)

So

the contribution of the interface to I1"™(D) can be estimated by the following upper bound:

I'[””<6fk”" d: <1]0K+]J]> d'_3fk”" Deg\[& +2 with & = 20/D,, (46)

5
This term is to be added to Eq. (18) in view of the derivation of the strength criterion. The comparison of the respective con-
tributions of the solid Eq. (18) and of the interface Eq. (46) is controlled by the non dimensional parameter I" = kin/(R,0,)
which is pore size-dependent. The smaller the pores the greater the influence of the interface effects on the strength.We note
that Egs. (19) and (21) are still valid provided that IT%°™ is replaced by 1" = [1f°™ 4 [1™, This leads to the parametric
equations

trx :GO(Z(arcsinh(f)—arcsinh(fg))Jrr 6¢ )

&243/5

<\/1 P8 -V 8 +T 4 3/5>

Note that this boundary is symmetric w.r.t. the trX = 0 axis. Fig. 1 shows a representation of the yield surfaces with and
without (the Gurson model) interface stresses effect. In order to get a closer insight into the influence of the interface on
the effective strength, it is useful to provide an analytical approximation of the boundary of the domain defined by Eq.
(47) in the form 7 (X, tr,X) = 0. This can be done by means of expansions of Eq. (47) in the vicinity of ¢ =0 and ¢ = oo
First, in the vicinity of the maximum deviatoric strength (¢ = 0, low stress triaxiality), the boundary can be approximated
by a parabola in the (tr¥, X.;) plane:

Ty of f tre 2
O'o =1-f+r ﬁ m( > (48)

In turn, in the vicinity of the pure isotropic tensile/compression loading (¢ = +o00), the boundary can be approximated by
another parabola:

(47)

22,3 , 18 trx
0737§<1_f +?Ff><f—logf+21“i3 > (49)

0

The yield surface associated to these two formula are also represented on Fig. 1.
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6. Isotropic tensile/compressive strength

In the framework of the geometrical model of hollow sphere, the classical Gurson model (no interface stress) is known to
provide an exact result as regards the isotropic tensile/compressive strength. With X, = 0, the solutions to Eq. (23) are the
isotropic stress tensors £X*1 with X* = —20, logf/3. As a matter of fact, the Gurson approach shows that an admissible iso-
tropic macroscopic stress state £ = X1 is subjected to the condition |X| < X*. Conversely, let us consider the microscopic
stress state defined in the solid in spherical coordinates by:

33+
2logf

It is readily seen that the latter is in equilibrium with the macroscopic stress state eX*1 since it satisfies the momentum
balance condition dive = 0 and the boundary conditions ¢ - e, =0 atr = R; and ¢ - e, = €X "¢, at r = R,.. Furthermore, it meets
the von Mises criterion Eq. (8). This proves that such a macroscopic stress state is admissible and furthermore, that X7 is
indeed the isotropic tensile/compressive strength.

Let us now examine the effect of interface stresses on the isotropic tensile/compressive strength. Consider the case of the
von Mises interface. According to the extended Gurson model Eq. (49), the necessary condition for an isotropic macroscopic
stress state £ = X1 to be admissible reads || < X* + 2I'g,. Conversely, let us consider the microscopic stress state defined in
the solid in spherical coordinates by:

6=¢€

<2 10g%1 - P) with € = +1 (50)

33t .
0':6<210gf <2log P) +2F0'01> with € = £1 (51)

and on the interface S by © = €k; P (recall that k;,» = I'0,R, and R, = R;). It satisfies the momentum balance equation dive = 0
and the boundary condition e - e, = €(X" + 2I'G,)e; at r = R,. It also satisfies the generalized Laplace equations Eq. (24). Fur-
thermore, it meets the von Mises interface criterion Eq. (35). This establishes that ~* + 2I'g, is the isotropic tensile/com-
pressive strength.

In the case of capillary interface stresses, the extended Gurson model predicts a translation of the yield surface (Eq. (34)).
Accordingly, the necessary condition for an isotropic macroscopic stress state ¥1 to be admissible reads |X — 2y /R,| < X*.
Conversely, the microscopic stress field defined in the solid by

320 (o 10eRi1p) 2771 with 1 52
6= 210gf< og - )+ R with € = + (52)

and by = = y*PP in the interface S proves to be in equilibrium with the macroscopic stress state (X" + 2y*? /R,)1. The capillary
interface thus increases the isotropic tensile strength to 2 + 2y /R, and reduces the isotropic compressive strength to
T —29%/R,.
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