Effective Stress for Transport Properties

of Inhomogeneous Porous Rock

James G. Berryman Lawrence Livermore National Laboratory P. O. Box 808 L-202 Livermore, CA 94551-9900

J. Geophys. Res. 97, 17409–17424 (1992).

Abstract

General effective-stress rules are derived for various physical properties of inhomogeneous porous rocks. Some rigorous relations arising in the analysis show that the fluid (pore) pressure p_f is least effective at counteracting the changes caused by confining pressure for the solid (grain) volume; p_f is more effective for the total (solid plus pore) volume; p_f is still more effective for the pore volume; and p_f is most effective at maintaining the fluid content of the pores. Although these results are expected intuitively, this analysis provides the first rigorous demonstration. During analysis of coefficients, care is taken to distinguish between rigorous inequalities (following from thermodynamics) and empirical inequalities (commonly observed, but not required by thermodynamics). For microscopically homogeneous rocks (the Gassmann limit), it is shown that the confining pressure is always at least as effective as the fluid pressure at changing the fluid permeability; therefore, it is impossible to use any “equivalent homogeneous rock” to explain experimental results of Zoback and Byerlee [1975] and others (wherein it has been shown experimentally that the permeability sometimes is more strongly influenced by fluid pressure than confining pressure). We show that the “equivalent homogeneous rock” paradigm may be successfully replaced by the “two-constituent porous medium” paradigm. In principle, the new paradigm can explain the data, but new measurements of pore compressibilities are required before quantitative comparisons can be made.

1 Introduction

When two or more strain producing fields may be applied independently to the same material, an important qualitative question often arises while analyzing experimental data: Which of the fields has greatest effect on a given physical property? If the material property of interest is found to be a linear function of each applied field, then another way of asking the same question is this: What linear combination of the fields (if any) will produce no measurable change in a physical property even though the strength of the fields themselves is changing? These questions lead naturally to the concept of effective stress [Terzaghi, 1936; Skempton, 1960; Terzaghi and Peck, 1967; Robin, 1973; Carroll, 1980].

Effective-stress measurements have been made on various physical properties of porous rocks. The most commonly measured feature is the compressional wave velocity [Brandt, 1955; Van der Knapp, 1959; King, 1966; Todd and Simmons, 1972; Nur, Walls, Winkler, and DeVilbiss, 1980; Whiting, 1982; Coyner, 1984; Christensen and Wang, 1985; Coyner and Cheng, 1985; Han, Nur, and Morgan, 1986]. Some data on shear wave velocities is also available [Gardner, Wyllie, and Droschak, 1965; Banthia, King, and Fatt, 1965; King, 1966; Nur, Walls, Winkler, and DeVIlbiss, 1980; Christensen and Wang, 1985; Coyner and Cheng, 1985]. Effective-stress coefficients for bulk and pore compressibilities were measured by Fatt [1959], Van der Knapp [1959], and Zimmerman, Somerton, and King [1986]. Experimental studies of electrical conductivity g or formation factor F have been performed as a function of confining pressure at fixed fluid pressure [Wyble, 1958; Dobrynin, 1962; Brace, Orange, and Madden, 1965; Brace and Orange, 1968a,b; Brace, 1972; Trimmer, Bonner, Heard, and Duba, 1980; Daily and Lin, 1984; Walsh and Brace, 1984; Longeron, Argaud, and Feraud, 1986], but little work seems to have been performed to determine the pertinent effective stress for this property [Dey, 1986]. A few studies of the effective stress for fluid permeability k are available [Brace, Walsh, and Frangos, 1968; Zoback, 1975; Zoback and Byerlee, 1975; Nur, Walls, Winkler, and DeVilbiss, 1980; Coyner, 1984; Bernabé, 1986; Dey, 1986; Bernabé, 1987], while many others are available for the behavior of k as a function of the confining pressure for fixed fluid pressure [Fatt and Davis, 1952; Fatt, 1953; McLatchie, Hemstock, and Young, 1958; Wyble, 1958; Ferrell, Felsenthal, and Wolfe, 1962; Knutson and Bohor, 1963; Vairogs, Hearn, Dareing, and Rhoades, 1971; Vairogs and Rhoades, 1973; Walsh and Brace, 1984]. Brace and Martin [1968] analyzed effective stress for fracture strength of brittle rocks. Related work on thermoelastic response of porous materials has been performed by Palciauskas and Domenico [1982], McTigue [1986], and Palciauskas and Domenico [1989].

Virtually all previous theoretical analyses of effective-stress relations for rocks [Nur and Byerlee, 1971; Carroll, 1980; Walsh, 1981; Zimmerman, Somerton, and King, 1986] have used the same restrictive assumption used by Gassmann [1951], postulating a microscopically homogeneous solid frame. Since natural rocks are often quite heterogeneous and therefore obviously do not satisfy the homogeneity condition, the validity of such analyses is founded on an implicit assumption that an “equivalent homogeneous rock” can be constructed and that the analysis of this fictitious homogeneous rock will satisfactorily explain all available data. However, we give a rigorous demonstration that effective-stress data on fluid transport through porous rocks cannot be explained in terms of any “equivalent homogeneous rock.” This counterexample to common wisdom of composite science shows clearly that more sophisticated methods are required to explain the behavior of porous media.

We base our analysis not on specific models of porous media, but rather on very general scaling rules that such media must obey. For example, an insulating porous rock saturated with a conducting brine solution is known to have the conductivity g = g_f /F , where g_f is the conductivity of the brine and F is called the formation factor. Neglecting some small internal surface conduction effects, the formation factor is a bulk property depending only on the twisted shape of the internal pore space of the rock. Furthermore, F is a scale invariant property of the rock; if the rock and its pore space could be uniformly expanded or contracted everywhere, then neither the porosity ϕ nor the formation factor F would change. Although, in general, a change of confining pressure and fluid pressure in a rock does not produce uniform swelling or shrinking, there is one set of circumstances where this happens: Consider a microhomogeneous rock (one containing a single type of solid grain) with no change in differential (confining minus fluid) pressure. Then, it is well-known [Carroll, 1980] that this ideal rock does undergo a uniform expansion or contraction (implying constant ϕ and F ), and therefore the formation factor of such a rock can only be a function of the change in differential pressure. Corresponding arguments for the bulk and shear moduli (both of which are also scale invariant properties) show that they must just be functions of the differential pressure, assuming only that the material bulk and shear constants K_m and μ_m for the grains do not change significantly as a function of the ambient pressure. We consider some elementary examples of the special results available in the Gassmann limit as prototypes, and then proceed to construct some more sophisticated examples for fluid permeability and porous mixtures using the same type of general arguments.

To present the simplest version of the analysis, we limit the scope of the paper mostly to a discussion of clean and clay-rich sandstones. This limitation is imposed by making a strong assumption of linearity in the differentials. By this, we mean that the coefficients of all differentials are assumed to change very slowly compared to the differentials themselves. Thus, highly fractured rocks – wherein a small change in applied pressure may produce a large change in the frame bulk modulus K – are excluded from consideration. For such materials, the linear regime is reached only at very high confining pressures, where all the fractures are essentially closed. Although the fundamental ideas presented here still apply to highly fractured materials, the mathematical description is sufficiently different (made more difficult by the nonlinearities) that we postpone their treatment to a later paper. A brief outline of the changes required in the analysis is given in the discussion section.

We begin by presenting the general stress-strain relations that must hold, as shown by Brown and Korringa [1975]. Then, we use arguments similar to those of Carroll [1980] to find the most general forms of the effective stress principles for porous materials. Next, we use a rigorous inequality derived by Berryman and Milton [1991] and Berryman [1992] to show that the more common effective-stress coefficients for volume properties satisfy a general set of inequalities among themselves. Then, we reconsider the homogeneous frame limit and determine the effective-stress coefficient for fluid permeability. This coefficient is proven always to be less than unity in the Gassmann limit, showing that experimental data such as that of Zoback and Byerlee [1975] with effective-stress coefficient greater than unity cannot be explained using any “equivalent homogeneous rock.” Finally, using some exact results from Berryman and Milton [1991], we generalize the present analysis to materials composed of two types of porous components (for example, a clay and sand mixture) and derive effective-stress coefficients for both the formation factor and the fluid permeability. We show that Coyner’s [1984] data on the jacketed and unjacketed frame moduli as a function of pressure can be understood in terms of an equivalent two-component porous rock. The paper concludes with a section discussing the results.

2 Stress-Strain Relations

Three bulk moduli characteristic of the porous frame are defined by Brown and Korringa [1975] using the expressions: 1 K = − 1 V ( ∂V ∂p_d ) pf , (1)

1 K_s = − 1 V ( ∂V ∂p_f ) pd , (2) and 1 K_ϕ = − 1 V_ϕ ( ∂V_ϕ ∂p_f ) pd , (3)

where V is the total sample volume, V_ϕ = ϕV is the pore volume, p_c = −^1_3 Tr(τ) = −^1_3 (τ_{xx} + τ_{yy} + τ_{zz}) is the confining (external) pressure, p_f is the fluid (pore) pressure, and p_d = p_c − p_f is the differential pressure.

The first constant K is just the bulk modulus of the drained porous frame, a commonly measured quantity [Fatt, 1959; Van der Knapp, 1959; Brace, 1965; Nur and Byerlee, 1971; Coyner, 1984] sometimes called the “jacketed modulus.” The second constant K_s (sometimes called the “unjacketed modulus”) is also relatively easily measured [Fatt, 1959; Van der Knapp, 1959; Nur and Byerlee, 1971; Coyner, 1984], since it requires an observation of the change in total volume while the confining pressure and fluid pressure are incremented equally. If the frame is homogeneous (i.e., composed of only one solid material), then this constant is equal to the bulk modulus K_m of its single constituent, so

K_s = K_m. (4)

If the frame is inhomogeneous (i.e., composed of two or more solids), then the constant K_s is certainly some average of the bulk moduli of the constituents. What that average should be is generally not known, but the Voigt-Reuss-Hill average [Hill, 1952] has often been employed in this context to provide estimates [Brace, 1965]. For a porous medium with just two distinct porous constituents having material moduli K^{(1)}m , K^{(2)}m and frame moduli K^{(1)}, K^{(2)}, Berryman and Milton [1991] have shown that the correct average is 1 K_s = x^{(1)} K^{(1)}m + x^{(2)} K^{(2)}m

, (5)

where the weights satisfy

x^{(1)} = 1 − x^{(2)} =

1/K^{(2)} − 1/K 1/K^{(2)} − 1/K^{(1)}

. (6)

Since elementary bounds on the bulk modulus K show it must lie between the moduli K^{(1)} and K^{(2)}, it follows that the weights x^{(1)}, x^{(2)} are both nonnegative and lie in the range [0, 1]. Thus, K_s is truly a weighted average of the material moduli, albeit an unusual one. The third constant K_ϕ is more difficult to measure than the other two, since it involves determining the change in the pore volume while the confining pressure and fluid pressure are incremented equally. A few attempts at measuring K_ϕ have been made by Hall [1953], Greenwald [1980], and Green and Wang [1986]; however, all of these reported results are subject to criticism. (See Zimmerman [1984] and Zimmerman, Somerton, and King [1986] for a discussion and for an example of experimental apparatus that might be used for this measurement. Also, see the review by Knutson and Bohor [1963].) If the frame is homogeneous, then the constant K_ϕ = K_m due to the fact that porosity remains constant – in this very special case – if p_d = constant. However, if the frame is inhomogeneous, then K_ϕ has a complicated dependence on the material properties. Berryman and Milton [1991] again find an exact expression for K_ϕ when only two porous constituents are present. We will discuss this poorly understood constant in greater detail later in the paper.

A fourth constant may be defined by 1 K_p = − 1 V_ϕ ( ∂V_ϕ ∂p_d ) pf , (7)

but reciprocity [Brown and Korringa, 1975; Berryman and Milton, 1991] shows that K_p is not independent of the other three constants. It is known in general that 1 K_p = 1 ϕ ( 1 K − 1 K_s ) . (8)

Defining a new constant α ≡ 1 − K/K_s, (9) we can rewrite (8) as K_p = ϕK/α. (10) Since K, ϕ, and α are all nonnegative quantities, K_p is also a nonnegative quantity. Measurements of K_p may be found in Geertsma [1957], Fatt [1958], Van der Knapp [1959], Knutson and Bohor [1963], and Zimmerman, Somerton, and King [1986]. However, it is important to note that, although a measurement of K_p may be used to find K_s if K and ϕ are known, knowledge of this modulus does not help us to find the other pore modulus K_ϕ.

Using these definitions, the isotropic-stress/volume-strain relations become − δV V = δp_d K + δp_f K_s (11)

for the total volume strain and − δV_ϕ V_ϕ = δp_d K_p + δp_f K_ϕ (12)

for the pore volume strain.

3 Effective Stress Principles

In this section, the analysis being presented is very similar to an analysis presented by Carroll [1980]. The main difference is that we treat the general problem for inhomogeneous porous materials. Carroll’s results may be recovered by replacing K_s and K_ϕ everywhere by the material bulk modulus K_m when only one solid constituent is present. We derive the exact effective stress that follows from the general stress-strain relations (11) and (12).

In the next section, we analyze the resulting coefficients and establish relationships among them using elementary bounding arguments. It is important to keep in mind that all the results of the next two sections depend on only the porosity ϕ, the three frame moduli K, K_s, K_ϕ, and the fluid modulus K_f .

3.1 Total volume

The effective-stress principle for total volume follows immediately from the general stress-strain relation (11), giving − δV V = δp_d K + δp_f K_s = 1 K (δp_c − αδp_f ) , (13)

where the coefficient α = 1 − K/K_s was defined previously in (9). This coefficient is often measured [Van der Knapp, 1959; Nur and Byerlee, 1971; Coyner, 1984]. For example, using the measured on data on the jacketed and unjacketed bulk moduli as shown in Figures 1–4, we can compute α as shown in Table 1. The usual range of values for α is ϕ ≤ α ≤ 1, which is completely consistent with the data in Figures 1–4 and Table 1.

3.2 Pore volume

The effective-stress principle for pore volume follows immediately from the general stress-strain relation (12), giving − δV_ϕ V_ϕ = δp_d K_p + δp_f K_ϕ = 1 K_p (δp_c − βδp_f ) , (14)

where the coefficient is β ≡ 1 − K_p/K_ϕ. (15) This coefficient has seldom been measured directly (but see Fatt [1958]). Note that, if K_ϕ = K_s (which is true in the Gassmann limit), then β = 1 − ϕ(1/α − 1). Although K_p is a nonnegative quantity, the theory shows that in some exceptional circumstances K_ϕ may be negative; thus, while the usual range of values for β is ϕ ≤ β ≤ 1, it is possible that β > 1.

3.3 Fluid content

Let N be the number of fluid molecules in a volume V . The number density within the fluid volume is given by ρ̄_f = N/V_f , while the number density within the total volume is ρ_f = N/V = ϕρ̄_f . If the initial number of fluid molecules in the volume is N_0 when V^{(0)}_ϕ = V^{(0)}_f , then the number after an applied stress is N = N_0V_ϕ/V_f . The increment in fluid content δζ in the volume V is defined by Biot [1962; 1973] as the fluid mass injected into a unit element of unit initial volume divided by the initial fluid density, which is equivalent to the definition δζ ≡ δN/V N_0/V_f = δV_ϕ − δV_f V . (16)

Then, if the fluid bulk modulus is K_f , the relative change in the number of fluid molecules in the volume is given by −δζ/ϕ_0 = − δN/V ϕρ̄_f = − δN N_0 = 1 K_p (δp_c − γδp_f ) , (17)

where the effective-stress coefficient is

γ ≡ β + K_p/K_f . (18)

The constant γ is just the inverse of Skempton’s constant B [Skempton, 1954], which has also often been measured [Lambe and Whitman, 1969; Palciauskas and Domenico, 1982; Green and Wang, 1986].

Clearly, β ≤ γ in all cases, since 0 ≤ K_f , K_p. For well-consolidated porous materials, it will also normally be true that 1 < γ, since the fluid bulk modulus (say for water or air) is generally much smaller than the frame bulk modulus so 1 ≤ K_p/K_f . However, if the frame is exceptionally weak so that K → 0, then γ → β → α → 1; thus, in this limit (common in soils [Lambe and Whitman, 1969]), all three of these effective stresses reduce to p_d.

Equation (18) shows that the pore volume effective-stress coefficient β may be computed if measurements have been made of α, γ, ϕ, K_f , and K.

3.4 Porosity

Next we consider variations in porosity ϕ ≡ V_ϕ/V . Since δV_ϕ V_ϕ = δϕ ϕ + δV V , (19)

we have − δϕ ϕ = ( α − ϕ ϕK ) δp_d + ( 1 K_ϕ − 1 K_s ) δp_f = ( α − ϕ ϕK ) (δp_c − χδp_f ) , (20)

where the coefficient is given by χ ≡ 1 − 1/K_ϕ − 1/K_s 1/K_p − 1/K = β + ( β − α α − ϕ ) ϕ = ( β − ϕ α − ϕ ) α. (21)

Some measurements of the coefficient (α − ϕ)/ϕK may be inferred from data of Fatt [1953] and Brandt [1955]. The experiments consistently show that an increase in confining pressure results in a decrease in porosity, so this coefficient is positive. It follows that ϕ ≤ α is an empirical result.

Note that, when only one solid constituent is present, K_s = K_ϕ = K_m, so χ ≡ 1; thus, in the Gassmann limit, the effective pressure for porosity is just the differential pressure p_d, as expected. Furthermore, the coefficient χ equals unity only when K_s = K_ϕ or when K = 0. If the moduli satisfy K_s > K_ϕ > 0, then χ < 1; however, if K_ϕ > K_s or if K_ϕ < 0, then χ > 1. If β > 1, then we must have K_ϕ < 0 and therefore χ > 1. Finally, since the last identity in (21) may be solved for β and gives β = χ − ϕ (χ/α − 1) , (22) measurements of χ may be used in conjunction with measurements of ϕ and α to find β.

3.5 Solid volume

The solid volume is related to the total volume and the porosity by V_s = (1 − ϕ)V . Since − δV_s V_s = δV V − δϕ (1 − ϕ)

, (23)

we have − δV_s V_s = 1 (1 − ϕ)K_s δp_d + 1 (1 − ϕ) ( 1 K_s − ϕ K_ϕ ) δp_f = 1 (1 − ϕ)K_s (δp_c − σδp_f ) . (24)

The coefficient σ is given by σ ≡ ϕK_s K_ϕ = ( 1 − β 1 − α ) α = α − ( χ − α 1 − α ) (α − ϕ), (25) where we used (22) in the last step to eliminate β. This coefficient is no easier to measure than β. However, in the Gassmann limit, (25) simplifies since K_ϕ → K_s and χ → 1 so σ → ϕ [Carroll, 1980]. (Note also that, if β > 1, then σ < 0.) A physical argument for the deviation of σ from ϕ follows from the observation that, during the deformation, the porosity generally does not remain constant unless K_ϕ = K_s. The effective-stress coefficient σ accounts correctly for the changing value of porosity during a typical deformation process.

3.6 Undrained response

The undrained response of the saturated porous medium to a change in the confining pressure δp_c is found by setting − δV_ϕ V_ϕ = − δV_f V_f = δp_f K_f , (26)

where K_f is the fluid bulk modulus and the undrained bulk modulus K_u is defined by − δV V ≡ δp_c K_u . (27)

Substituting (12) into (26) yields δp_c δp_f = β + K_p/K_f = γ, (28)

showing that the change in fluid pressure during a confining measurement is δp_f = δp_c/γ. The pore pressure buildup coefficient for the undrained response is therefore B = 1/γ [Skempton, 1954; Palciauskas and Domenico, 1982; Green and Wang, 1986]. Substituting (11) into (27) yields

K_u = K (1 − αδp_f /δp_c) = K (1 − α/γ) , (29)

showing that the undrained bulk modulus is simply related to the drained modulus K and the effectivestress coefficients α and γ, for total volume and fluid content respectively.

The formula (29) is equivalent to the generalized Gassmann’s equation derived by Brown and Korringa [1975]

K_u = K + α^2 [α/K_s + ϕ(1/K_f − 1/K_ϕ)]�^1 . (30)

If there is only one solid constituent so K_s = K_ϕ = K_m, it is not hard to show that (29) and (30) reduce correctly to Gassmann’s equation [Gassmann, 1951]. Gassmann’s result has also been rederived by various other authors, including Biot and Willis [1957], Geertsma [1957], Nagumo [1965a], and Nur and Byerlee [1971]. Rice and Cleary [1976] obtained general results essentially equivalent to those of Brown and Korringa [1975].

4 General Relations Among Effective Stress Coefficients

Berryman and Milton [1991] and Berryman [1992] give a thermodynamic stability argument to show, in general (not just for one or two constituent porous media), it must be true that α K_s − ϕ K_ϕ ≥ 0. (31)

The derivation of (31) requires the assumption that the moduli K_s and K_ϕ are independent of the pore fluid modulus K_f . Multiplying (31) by K/α, we find

(1 − α) = K/K_s ≥ K_p/K_ϕ = (1 − β), (32)

so in general we have σ ≤ α ≤ β ≤ γ. (33) The first inequality follows from the definition (25) of σ without restriction when α ≤ β, which we have just shown follows from (31). The final inequality follows from nonnegativity of the ratio K_p/K_f . Since α ≤ β = χ − ϕ(χ/α − 1) (34) follows from (22) and (33), we can multiply (34) by α and rearrange terms to obtain the rigorous result 0 ≤ (α − ϕ)(χ − α), (35) which also follows from (25) and σ ≤ α. If in addition we know (as is observed) that ϕ ≤ α, then (35) implies α ≤ χ and therefore that ϕ ≤ α ≤ β = χ − ϕ(χ/α − 1) ≤ χ. However, the empirical inequality ϕ ≤ α is not known to be rigorous in all circumstances at present.

The relations in (33) are some of the main results of this paper. To summarize the significance of the general inequalities contained in (33), we see that the fluid (pore) pressure p_f is least effective at counteracting the changes caused by the confining pressure for the solid volume; p_f is more effective for the total volume; p_f is still more effective for the pore volume; and p_f is most effective at maintaining the fluid content of the pores.

To make further progress on understanding effective stress for transport properties, we will need to be more specific about the nature of the porous materials considered. The two examples we study are (a) the homogeneous frame or Gassmann limit and (b) the inhomgeneous frame composed of two porous constituents.

5 Gassmann Limit: Homogeneous Solid Frame

It is instructive to consider the relations among the various effective-stress coefficients in the Gassmann limit, when there is only one solid constituent so K_s = K_ϕ = K_m. Then, it is known [Voigt, 1928; Hill, 1952; Hill, 1963; Watt, Davies, and O’Connell, 1976] that the Voigt average (1 − ϕ)K_m ≥ K, providing a rigorous upper bound on the frame modulus K. Rearranging the formula for the Voigt bound shows that ϕ ≤ 1 − K/K_m = α ≤ 1, (36) where the final inequality follows from the nonnegativity of both K and K_m (as required for thermodynamic stability of the frame and grain material respectively). Using (8) and (36), we find that ϕK ≤ K_p ≤ K, (37) so that 0 ≤ ϕ ≤ α ≤ β ≤ 1 − ϕ + ϕα ≤ 1. (38) Then, it follows from the positivity of K_p and K_f that ϕ ≤ α ≤ β ≤ γ, (39) so (29) shows the undrained modulus K_u is always greater than or equal to K. It also follows easily from (21), (25), and (38) that

0 ≤ σ = ϕ ≤ α ≤ β = 1 − ϕ(1/α − 1) ≤ χ = 1. (40)

Most of the results derived so far in this section have been obtained previously by Zimmerman [1984] and Zimmerman, Somerton, and King [1986]. In some cases, they were also reported by Berryman and Thigpen [1985] and Berryman [1986].

We emphasize that the results in this section are special to the Gassmann limit. Some remarkably different results may apply when the solid frame is inhomogeneous.

Fatt [1958] used results of Brandt [1955] to show that χ ≃ 0.85 in some sandstone reservoir rocks (also see Ferrell, Felsenthal, and Wolfe [1962], Knutson and Bohor [1963], Nagumo [1965a,b], Wagner and Voigt [1971], and Schopper [1982]). Since χ ≡ 1 is required for all homogeneous solid frames, this result is our first indication that no equivalent homogeneous rock or set of rocks can be used to explain available effective-stress data. This particular result is not definitive, however, since the error bars on the measured values of χ are quite large (Fatt says this coefficient probably varies in the range 0.75 ≤ χ ≤ 1 for various rocks and pressures). Another set of measurements to be discussed shortly does not suffer from this possible criticism.

5.1 Electrical conductivity

Electrical conductivity for inhomogeneous media is a scale invariant material property: If the medium undergoes an expansion or contraction without change of shape, then the electrical conductivity remains constant – assuming only that the properties of the constituents are also independent of strain. So, if we take the grains in a porous rock as insulators and inject a conducting fluid into the pores, we expect that the overall conductivity of the saturated medium will be of the form

g = g_f G, (41)

where g_f is the conductivity of the pore fluid (g_f may be a function of the fluid pressure [Daily and Lin, 1985]), and – for the present application – G ≤ 1 is a real function depending only on the relative geometry of the pore space – not on the absolute scale. In general, G may have a complicated dependence on the confining and fluid pressures, and there may not be any combination of p_c and p_f that leaves G invariant. However, considering the Gassmann limit, we see that relative positioning is dependent only on the differential pressure so G is a function only of p_d = p_c − p_f . The function G is therefore rigorously scale invariant (whereas the pressure dependence of g_f must be factored out of g to make it scale invariant for realistic experiments). The porosity ϕ is another rigorously scale invariant property of the porous material, so in general we might suppose that G could be expressed as a function of the porosity.

Archie’s law [Archie, 1942; Sen, Scala, and Cohen, 1981] for the electrical conductivity g of a brine saturated porous medium is g = g_f F = g_f ϕ^m, (42)

where g_f is the electrical conductivity of the saturating fluid, F ≡ g_f /g is the formation factor, ϕ is the porosity of the porous formation, and m is Archie’s cementation exponent (generally in the range 1 < m ≤ 2, but occasionally m as high as 2.3 has been observed). An additional constant factor is sometimes included in (42), but its presence would make no difference to the arguments that follow. We see that in the Gassmann limit G ≡ 1 F ≃ ϕ^m, (43) and therefore δG G ≃ m δϕ ϕ = −m ( α − ϕ ϕK ) δp_d. (44)

These results are special to the Gassmann limit, because only for homogeneous frames is it true that the pore space swells or shrinks at the same rate as the bulk volume.

Neglecting the pressure dependence of g_f (see Daily and Lin [1985]), we see that the effective pressure for g (or equivalently for the formation factor) is just the differential pressure. So the effective stress for the electrical conductivity is δp_c − ϵδp_f = δp_d, where the value of the effective-stress coefficient ϵ is therefore always ϵ = χ = 1 for homogeneous frames.

5.2 Fluid permeability

Fluid permeability for porous media is not a scale invariant material property: Darcy’s constant k has the dimensions of length squared, so a uniform swelling or shrinking of the isotropic porous medium changes the value of the permeability proportional to V^{2/3} (since V has dimensions of length cubed). The dependence of the permeability on geometry may therefore be expressed in general as k = const × H × V^{2/3}, (45) where H depends only on the relative positioning of the grains and is therefore rigorously scale invariant. Like G, the factor H will generally be a complicated function of the confining and fluid pressures with no combination leaving it invariant. However, also like G, the pore space swells or shrinks at the same rate as the grains in the Gassmann limit so H is rigorously seen to be a function only of the differential pressure. In analogy with the arguments leading to (44), we suppose that δH H ≃ n δϕ ϕ = −n ( α − ϕ ϕK ) δp_d. (46)

The constant n may be related approximately to Archie’s cementation exponent m through the Kozeny- Carman relation [Paterson, 1983; Walsh and Brace, 1984] k ≃ ϕ^2 2s^2F

, (47)

where s is a measure of the specific surface area (for an equivalent smooth-walled pore) and therefore

s�2_{= const×V} 2/3_{. (Avellaneda and Torquato [1991] provide a different insight into the role of formation}

factor in estimates of permeability.) Thus, H ≃ ϕ^2/F = ϕ^{2+m} and n ≃ 2 + m. Recalling that m ≃ 2, we find this estimate is in good agreement with empirical results of Adler, Jacquin, and Quiblier [1990] who found the permeability correlated well with the relation k ∝ ϕ^n where n ≃ 4.15. Bourbié, Coussy and Zinszner [1987] find n ≃ 7 for ϕ ≤ 0.05, 4 ≤ n ≤ 5 for 0.10 ≤ ϕ ≤ 0.25, and n ≃ 3 for sintered glass and some sandstones with porosities in the range 0.15 ≤ ϕ ≤ 0.30. A nominal value of n ≃ 4 is therefore reasonable, based on experimental evidence.

To find the effective stress for the permeability, we combine (13), (45), and (46). We then find δk k = δH H +^2_3 δV V = − [ n ( α − ϕ ϕK ) + 2 3K ] (δp_c − κδp_f ) , (48)

where the effective-stress coefficient for permeability is

κ = 1 − 2ϕ(1 − α) 3n(α − ϕ) + 2ϕ ≤ 1. (49)

The inequality follows from the facts that ϕ ≤ α ≤ 1 for the homogeneous frame and that the denominator is always positive as long as ϕ > 0.

The bound (49) has great practical and conceptual significance for analysis of rocks. If we suppose that any porous rock can be well approximated by an “equivalent homogeneous rock,” then (49) makes a definite prediction that the effective-stress coefficient κ must be less than unity for microhomogeneous porous materials. Considering Table 2, we see that this prediction is verified by the data on two Al_2O_3 samples with no clay content. However, (49) is in direct conflict with all the other experimental results in Table 2, showing that the effective-stress coefficient κ for fluid permeability can be significantly greater than unity for a variety of rocks containing multiple constituents [Zoback, 1975; Zoback and Byerlee, 1975; Nur, Walls, Winkler, and DeVilbiss, 1980; Coyner, 1984]. Thus, we have found that it is actually impossible to explain this aspect of the behavior of these clay-bearing porous rocks under stress in terms of an equivalent homogeneous frame. This result does not imply that it is never appropriate to use “an equivalent homogeneous frame” postulate to analyze such rock data, but it does show that circumstances can arise in very inhomogeneous rocks that invalidate such a postulate.

This negative result provides a strong motivation (based on existing experimental evidence) to attempt a more rigorous analysis of porous media containing at least two constituents.

6 Two Porous Constituents

Suppose the solid frame is composed of two distinct porous constituents (say, type-1 and type-2), each of which obeys a volume stress-strain relation analogous to (11) so that, microscopically, we have − δV^{(1)} V^{(1)} = δp^{(1)}_d K^{(1)} + δp^{(1)}_f K^{(1)}_m

, (50) and − δV^{(2)} V^{(2)} = δp^{(2)}_d K^{(2)} + δp^{(2)}_f K^{(2)}_m

. (51)

For two constituents, Berryman and Milton [1991] have shown that there exists a ratio of the macroscopic pressure increments δp_c/δp_f ≡ θ such that the relative change in the volumes of each constituent (and therefore of the composite) is the same. Thus, the composite porous medium undergoes a uniform swelling or shrinking so the shapes and relative positions of all the porous constituents remain fixed while the overall size increases or decreases. Furthermore, the microscopic pressure changes equal the macroscopic ones, so δp_d = δp^{(1)}_d = δp^{(2)}_d and δp_f = δp^{(1)}_f = δp^{(2)}_f . In terms of the total volume effective stresses, we find 1 K (δp_c − αδp_f ) = 1 K^{(1)}

(δp_c − α^{(1)}δp_f ) = 1 K^{(2)}

(δp_c − α^{(2)}δp_f ), (52)

showing that δp_c δp_f = θ = α^{(1)}/K^{(1)} − α^{(2)}/K^{(2)} 1/K^{(1)} − 1/K^{(2)} = α^{(1)}/K^{(1)} − α/K 1/K^{(1)} − 1/K = α/K − α^{(2)} /K^{(2)} 1/K − 1/K^{(2)} . (53)

The result (53) shows how the volume effective-stress coefficient α for the composite depends on the various constants of its constituents. It is not difficult to rearrange (53) to recover the version (5) quoted earlier.

An elementary result for the frame bulk modulus

min(K^{(1)}, K^{(2)}) ≤ K ≤ max(K^{(1)}, K^{(2)}), (54)

when combined with (53) and the results of the preceding section, shows that

min(ϕ^{(1)}, ϕ^{(2)}) ≤ min(α^{(1)}, α^{(2)}) ≤ α ≤ max(α^{(1)}, α^{(2)} ) ≤ 1. (55)

These estimates are all elementary but rigorous.

Berryman and Milton [1991] have also shown that, for two component composite porous media, the remaining independent constant K_ϕ is given by ϕ K_ϕ = α K_s − ⟨ α(x) − ϕ(x)

K_m(x) ⟩ − ⟨α(x) − α⟩ ( α^{(1)} − α^{(2)} K^{(1)} − K^{(2)} ) , (56)

where ⟨·⟩ is the volume average of the quantity in brackets. Multiplying (56) by K/α, we find that

β = α + ( K α ) [⟨ α(x) − ϕ(x)

K_m(x) ⟩ + ⟨K(x) − K⟩ ( θ − α K )_2] , (57)

where we used (53) [or equivalently see (59) in the next subsection] to simplify the expression. Equation (57) may be substituted into the general expression (21) to show that

χ = α + ( K α − ϕ ) [⟨ α(x) − ϕ(x)

K_m(x) ⟩ + ⟨K(x) − K⟩ ( θ − α K )_2] . (58)

6.1 Effective stress for uniform contraction or expansion

One important point to emphasize here is that the analysis just presented clearly demonstrates the existence of yet another effective-stress principle. For the two component medium, relative positions of the porous constituents remain unchanged if the quantity δp_c − θδp_f = const, so changes in geometry depend on this new effective stress. Then, either (52) or (53) may be rearranged to show that the effective-stress coefficient θ satisfies α − θ K = α^{(1)} − θ K^{(1)} = α^{(2)} − θ

K^{(2)} = α^{(1)} − α^{(2)} K^{(1)} − K^{(2)}

, (59)

where the final equality in (59) follows easily from the others. This result shows that either θ ≥ max(α^{(1)}, α^{(2)}) or θ ≤ min(α^{(1)}, α^{(2)} ). Thus, using (55), θ is generally bounded away from α. In the Gassmann limit, it is straightforward to show that θ = χ = 1, so θ ≥ α in this special case. Conversely, if θ = 1, then K^{(1)}_m = K^{(2)}_m = K_s follows directly from (59), showing in general that θ ≠ 1 if K^{(1)}_m ≠ K^{(2)}_m . If one of the constituents (say the second one) is nonporous and essentially incompressible, then K^{(2)} → ∞ and θ = α = α^{(1)} follows directly from (59).

Now, if we suppose that the drained bulk modulus K could be varied without changing the properties of the two constituents (for example, by changing the volume fractions), then it is easy to see that (59) implies δα δK = α^{(1)} − α^{(2)} K^{(1)} − K^{(2)}

. (60)

Substituting (60) back into (59) shows that Kδα/δK = α − θ and therefore that θ = α − K δα δK . (61)

Similarly, using the definition of α, we find δα δK = − 1 K_s + 1 K δ(1/K_s) δ(1/K) . (62)

Substituting into (61) gives

θ = 1 − δ(1/K_s) δ(1/K) . (63)

These two rules can be used to compute θ from experimental data on K and K_s as a function of confining pressure [Coyner, 1984] to the extent that both properties are in fact changing due to variations in the volume fractions of the constituents. We have found that (63) is more robust than (61) for estimating θ from real data on K and K_s. For this approach to be valid, it is necessary (but not sufficient) to find that the value of θ computed this way remains constant over some finite range of variation δK, or equivalently that 1/K_s is a linear function of 1/K. (Experimental constancy of θ could be accidental and, therefore, is not sufficient to establish validity of all these assumptions.) It is normally observed that δK_s/δK ≥ 0 and, therefore, that δ(1/K_s)/δ(1/K) ≥ 0. By substituting these rules into (61) and (63), we obtain the empirical result α ≤ θ ≤ 1.

To clarify these issues further, a more general and more rigorous derivation of the relation determining θ is obtained by considering the integrability conditions required to guarantee reversibility, i.e., so that the total volume is a function V = V (p_c, p_f ) independent of the particular stress-strain path used to achieve the final pressures p_c and p_f . The present argument is similar to one given by Zimmerman [1984] for the equations in the Gassmann limit. The Euler conditions for integrability following from (11) are − ∂^2 ln V ∂p_c∂p_f = ∂ ∂p_f ( 1 K ) = ∂ ∂p_c ( 1 K_s − 1 K ) . (64)

Assuming that the bulk modulus of the drained porous frame has the functional dependence K = K(p_c − θp_f ) with θ constant, then ∂ ∂p_f ( 1 K ) = −θ ∂ ∂p_c ( 1 K ) . (65)

Substituting (65) into (64) and solving for θ, we find

θ = 1 − ∂ ∂p_c (1/K_s) / ∂ ∂p_c (1/K) . (66)

This rigorous result (with assumed constancy of θ) should be compared with the result obtained in (63), based on the two-component model. The most important feature of this second derivation is that it requires none of the assumptions contained in the two-component model. It also shows clearly that stress-strain data such as Coyner’s data on K and K_s as a function of p_c may be used to compute the effective-stress coefficient θ for real materials.

To check whether these ideas agree with experiment, we have replotted some of Coyner’s [1984] data on K_s and K (see Figure 5) for various rocks to illustrate the linear dependence of 1/K_s on 1/K for confining pressures less than 30 MPa. We have purposely excluded data on all the materials for higher pressures since these rocks may not be expected to satisfy the simple linear model presented here at the higher pressures. To validate the “homogeneous equivalent rock” paradigm, these curves should all be constant. To validate the “two-constituent porous rock” paradigm, the curves only need to be linear over some small range of pressures. Although some of the curves are apparently constant (Berea sandstone, Bedford limestone), all the curves are observed to be nearly linear over this range of pressures. Table 1 summarizes the results for θ.

6.2 Volume fraction changes

For later developments, it will be important to know the behavior of the regional volume fractions v_A ≡ V^{(1)} V and v_B ≡

V^{(2)} V , (67)

as functions of applied pressure. (See Figure 6.) Note that, by assumption, v_A + v_B = 1 initially, but in general v_A + v_B ≤ 1, since cracks and other voids may open up between the constituents when an effective stress δp_c − θδp_f ≠ 0 is applied to the composite. The overall porosity is determined by

1 − ϕ = v_A(1 − ϕ_1) + v_B (1 − ϕ_2). (68)

Because of the new effective-stress principle for uniform swelling and shrinking, we know that both volume fractions can only be functions of the effective pressure p_c − θp_f in the linear regime. Using (13) and (50), we find crudely that δv_A ≃ v_A [ 1 K (δp_c − αδp_f ) − 1 K^{(1)} ( δp^{(1)}_c − α^{(1)}δp_f )] , (69)

where we have assumed that the microscopic and macroscopic fluid pressures have equilibrated. Except when δp_c = θδp_f , the microscopic confining pressure δp^{(1)}_c is unknown and need not equal δp_c (in fact, the local confining stress fluctuates and will generally not even be scalar). We will ignore these difficulties here and suppose that δp^{(1)}c = δp_c or equivalently that, in compression, δv_A ≡ 1 K_A (δp_c − θδp_f ) and δv_B ≡ 1 K_B (δp_c − θδp_f ) , (70)

where 1 K_A ≃ v_A ( 1 K − 1 K^{(1)} ) and 1 K_B ≃ v_B ( 1 K − 1 K^{(2)} ) , (71)

to a reasonable approximation.

Equations (70) and (71) are somewhat oversimplified. In fact, we know that v_A and v_B are functions of the pressures only through the combination δp_c − θδp_f ; however, the actual functions could also be dependent on the geometrical arrangement of the components, as well as the constituents’ moduli and the bulk modulus. The dependence of these functions on the effective stress could also be at least weakly nonlinear. To see this, note that 1 K_A + 1 K_B ≃ 1 K − v_A K^{(1)} − v_B K^{(2)}

≤ 0, (72)

where the inequality follows from the fact that the harmonic mean of K^{(1)} and K^{(2)} is a lower bound on K [Hill, 1952; Hill, 1963; Watt, Davies, and O’Connell, 1976]. Inequality (72) shows that in compression δv_A + δv_B ≤ 0, so that new cracks or voids must open when δp_c − θδp_f > 0. However, in tension or when existing compression is released, the same result shows that δv_A + δv_B > 0, which implies the whole volume (= 1) is less than the sum of its parts (1 + δv_A + δv_B > 1). This clearly unphysical result means that our initial assumption of linearity in (70) may need to be reexamined [Garg and Nur, 1973; Zimmerman, Somerton, and King, 1986]. In particular, we might expect to find that K, K_A, and/or K_B take different values in compression and tension as has often been observed in rocks [Jaeger and Cook, 1976]. For example, if the materials in the sample are poorly cemented (as in a soil), the modulus in tension may be vitually zero, while the modulus in compression may be indistinguishable from that of a well-cemented sample. We wish to emphasize that, while (70) holds rigorously in compression, (71) is merely an approximation we need when making comparisons with experiment. Ideally, K_A and K_B can be measured directly, but little information about these coefficients is available at present.

The unphysical results noted here may also be eliminated by considering a two-solid-component model that includes cracks or voids in the unstressed state. Then, v_A + v_B < 1 initially and either sign of the change δv_A + δv_B is allowed. Berryman and Milton [1992] have recently shown how to obtain exact results for such models.

6.3 Clayey sandstone

Now we consider a special case that we will call the “clayey-sandstone model.” (See Figure 7.) One of the constituents of this model has no porosity, so K^{(2)} = K^{(2)}m and α^{(2)} = ϕ^{(2)} = 0. The other constituent has a very soft frame modulus, so K^{(1)} → 0 and α^{(1)} → 1. Substituting these limits into (59), we find that α ≃ 1 − K K^{(2)}_m

(73) and θ → α^{(1)} → 1. (74)

So we have K_s ≃ K^{(2)}_m and 1 K_ϕ ≃ 1 K^{(1)}_m + 1 ϕ^{(1)} ( 1 K^{(2)}_m − 1 K^{(1)}_m ) . (75)

Note that the magnitude of K^{(2)}_m compared to that of K^{(1)}_m has not yet been specified in the clayeysandstone model and may be considered arbitrary. Thus, K_ϕ can take a wide range of values. Then, we find that

χ ≃ 1 + ( v_A − ϕ α − ϕ ) ( 1 K^{(1)}_m − 1 K^{(2)}_m ) K (76)

and that 1 v_AK_A ≃ − 1 K^{(1)}

, (77)

while 1 v_B K_B ≃ α K . (78)

The porosity is given by ϕ = v_Aϕ^{(1)} initially.

We will use these results in the next section when we need to evaluate formulas for the effective-stress coefficients of electrical conductivity and fluid permeability.

7 Transport Properties

In this section, we use the results of the last section to analyze electrical conductivity and fluid permeability in a two-constituent porous medium.

7.1 Electrical conductivity

The Bergman-Milton [Bergman, 1980; Milton, 1980; Bergman, 1981; Milton, 1981; Bergman, 1982; Korringa and LaTorraca, 1986; Milton, 1986; Stroud, Milton, and De, 1986] analytical approach to understanding the effective electrical conductivity g of two component inhomogeneous media shows that

g = G(g_1, g_2) = g_1G(1, 0) + g_2G(0, 1) + ∫ 1 0 dxG(x) 1 g1 +^x_{g2}

, (79)

where G(1, 0) and G(0, 1) are constants depending only on the geometry and G(x) ≥ 0 is a resonance density also depending only on the geometry. The integral in (79) is known as a Stieltjes integral [Baker, 1975]. Although the representation (79) has usually been employed to study the behavior of g in the complex plane when g_1 and g_2 are themselves complex (corresponding to mixtures of conductors and dielectrics), we will restrict consideration here – as Bergman did in his earlier work [Bergman, 1978] – to pure conductors so that g_1, g_2, and g are all real and nonnegative.

If one of the components is an insulator (say g_2 = 0), then (79) reduces to g = g_1 F_A , (80)

where F_A is the formation factor found by taking all of region A to be pore space and all of region B to be insulator. A similar result follows by taking g_1 to be the insulator, so (79) may be rewritten as g = g_1 F_A + g_2 F_B + ∫ 1 0 dxG(x) 1 g1 +^x_{g2}

, (81)

and the fact that G(1, 1) = 1 leads to the sumrule 1 F_A + 1 F_B + ∫ 1 0 dxG(x) 1 + x

= 1. (82)

Because the electrical conductivity is a scale invariant quantity, the geometry dependent terms F_A, F_B , and G(x) can depend only on the relative geometry. Since the relative geometry remains fixed when δp_c − θδp_f = const, we see that all these terms must be functions only of the effective stress p_c − θp_f . As the terms F_A and F_B are formation factors, we may use Archie’s law to show that

F_A ≃ v�^{mA}_A and F_B ≃ v�^{mB}_B , (83)

where v_A and v_B are precisely the volume fractions defined in (70) and the exponents approximately satisfy 1 < m_A, m_B ≤ 2. Little is known at present about the resonance density function G(x), so we can only say for certain that it is some (probably very weak) function of the effective stress δp_c − θδp_f .

To make further progress, we must specialize. Consider a clayey sandstone, so one component is impermeable sand and the other component is a permeable clay that essentially fills the void space among the sand grains. Let g_2 = 0 represent the conductivity of the insulating sand grains. Then, we suppose the clay is composed of insulating particles of a single material so the porous clay by itself satisfies Gassmann’s equation. If g_f is the conductivity of the conducting fluid in the pores, the corresponding effective conductivity of the saturated clay is

g_1 = g_f F_1

, (84)

where F_1 is the formation factor of the porous clay and satisfies F_1 = ϕ�^{m1}_1 with ϕ_1 being the porosity of the clay and m_1 is an appropriate Archie cementation exponent. Finally, we find that the effective conductivity of the clayey sandstone should be given by g = g_f F_1F_A

= g_f ϕ^{m1}_1 v^{mA}_A = g_f ϕ^{m1} v^{mA}�^{m1}_A , (85) recalling that the total porosity for this model is ϕ = ϕ_1v_A. We see that (85) will show some deviations from Archie’s law for the composite only if the exponents m_1 and m_A differ significantly. Otherwise, m_1 ≃ m_A ≃ m will give

g ≃ g_f ϕ^m. (86)

Combining these results with (20), (69), and (70), we find from (85) that the stress rule for effective conductivity is δg g = − [ m_1 ( α − ϕ ϕK ) + m_1 − m_A v_AK_A ] (δp_c − ϵδp_f ) , (87)

where

ϵ = 1 − m_1 (α − ϕ) (1 − χ) + (m_1 − m_A)ϕK(1 − θ)/v_AK_A m_1 (α − ϕ) + (m_1 − m_A)ϕK/v_AK_A

= α + m_1 (α − ϕ) (χ − α) + (m_1 − m_A)ϕK(θ − α)/v_AK_A m_1 (α − ϕ) + (m_1 − m_A)ϕK/v_AK_A

. (88)

Recall that (35) shows the product (α − ϕ)(χ − α) is always nonnegative.

In the Gassmann limit, θ = χ = 1 so ϵ = 1 as expected. If m_1 = m_A, then ϵ = χ and the value of θ does not affect the conductivity; the effective stress for conductivity is then the same as that for porosity. If m_1 ≠ m_A, then the values of both θ and K_A are important in determining ϵ. At present, little experimental evidence for the deviation of ϵ from unity is available (see Dey [1986]), since most effective-stress experiments on electrical conductivity known to the author have been performed on fairly clean sandstones [Longeron, Argaud, and Feraud, 1986]. Thus, (88) is a definite new prediction of this analysis and suggests that some new experiments should be performed to check its accuracy.

For the clayey-sandstone model, we find that if m_1 ≃ m_A then ϵ ≃ χ, but if m_1 ≠ m_A then ϵ ≃ θ ≃ 1. Since we expect θ ≤ χ for this model, the general conclusion is that θ ≤ ϵ ≤ χ, (89) but these bounds are only approximate. Evaluating the formulas for the clayey sandstone model, suppose that m_1 = 2, m_A = 2.15, α = 0.85, ϕ^{(2)} = 0.8, v_A = 0.25, ϕ = 0.2, and K/K^{(1)} = 10. Then, χ > 0.99 (assuming only that K^{(1)}m < ∞) and ϵ ≃ 1.3χ − 0.3, showing that the effective-stress coefficient for electrical conductivity can be greater than unity if χ > 1.

7.2 Fluid permeability

Dagan [1979] shows that the effective permeability of an inhomogeneous porous medium is determined by the same equations as those for the effective conductivity of a similar inhomogeneous medium. Dagan’s argument is correct for two component porous media as long as both constituents have finite and comparable permeabilities k_1 and k_2. If one of the regions is impermeable (as it would be if composed of solid grains), then the no-slip condition at the boundaries of these solid grains introduces a new physical effect not found in the electrical conduction problem. Assuming that both k_1 and k_2 are bounded away from both zero and infinity, the effective permeability of a two component composite porous medium is therefore given quite accurately by

k ≃ G(k_1, k_2) = k_1 F_A + k_2 F_B + ∫ 1 0 dxG(x) 1 k1 +^x_{k2}

, (90)

where G and G are – not just analogous functions but – actually the same functions as in the electrical conduction problem. When k_1 = k_2, (82) shows that k = k_1 as expected; thus, in the uniform frame limit, (90) reduces correctly to (45). The most important insight we gain from introducing (90) is the observation that the terms F_A, F_B , and G(x) are dependent only on the effective stress p_c − θp_f .

To make further progress we must specialize again. Considering the clayey-sandstone model once more, we want to take k_2 = 0, indicating the sand grains are impermeable. However, this limit is precisely the one for which the formula (90) is not strictly valid. Physically, we know that the introduction of the no-slip boundary condition must reduce the rate of fluid transport and thus decrease the permeability. Therefore, when we take the k_2 → 0 limit of (90), we have found at best an upper bound on the permeability rather than a direct estimate. So we have

k ≤ k^{(+)} = k_1 F_A . (91)

This bound is expected to be quite close to the value of the permeability k as long as the intrinsic permeability of the clay k_1 is so low that the presence of the sand-grain boundaries has little influence on the overall fluid transport.

Now we suppose that, as in (45) and (47),

k_1 ≃ ϕ^2_1 2s^2_1F_1

= const × ϕ^{n1}_1 × V^{2/3}_1 , (92)

where n_1 ≃ 2 + m_1. Then, since V_1 = v_AV , the effective-stress formula for the permeability bound is given by

δk^{(+)} k^{(+)}

= n_1 δϕ_1 ϕ_1

+^2_3 ( δv_A v_A + δV V ) + m_A δv_A v_A = n_1 δϕ ϕ − q δv_A v_A +^2_3 δV V = − [ n_1 ( α − ϕ ϕK ) + 2 3K + q v_AK_A ] (δp_c − κδp_f ) , (93)

where ϕ = ϕ_1v_A, q = n_1 − m_A −^2_3 , and

κ = 1 −

3n_1(α − ϕ)(1 − χ) + 2ϕ(1 − α) + 3qϕK(1 − θ)/v_AK_A 3n_1(α − ϕ) + 2ϕ + 3qϕK/v_AK_A = α + 3n_1(α − ϕ)(χ − α) + 3qϕK(θ − α)/v_AK_A 3n_1(α − ϕ) + 2ϕ + 3qϕK/v_AK_A . (94)

Again recall that (35) shows (α − ϕ)(χ − α) is always nonnegative, while the empirical result for θ is α ≤ θ. Rigorous bounds on κ are made difficult to obtain by the fact that the terms in the denominator of (94) do not always have the same sign. (For clayey sandstone, the last term is usually negative.) When all terms are positive, we can show α ≤ κ, but the value of an upper bound on κ depends on whether χ < 1 or χ > 1. In the homogeneous frame limit, since θ = χ = 1, v_A ≡ 1, and K_A → ∞ (since K → K^{(1)}), we obtain

κ = 1 − 2ϕ(1 − α) 3n_1(α − ϕ) + 2ϕ

≤ 1, (95)

in agreement with (49).

In general, the total volume effective-stress coefficient satisfies α < 1, but the porosity coefficient χ can have values either less than or greater than unity. For the general two component problem, K_A will normally be negative, while θ is restricted by the empirical inequalities α ≤ θ ≤ 1. Thus, we find that the expression (94) can take a wide variety of values because of the variability of χ and K_A. For the clayey-sandstone model, considering the poorly consolidated limit where K^{(1)} → 0 we find that κ → θ → 1, since then v_AK_A ≃ −K^{(1)} → 0. However, if K^{(1)}/K << 1 but remains finite, then we can get a magnification (or resonance) effect due to some cancellation in the denominator of (94). In the case of most interest, the result for κ is given approximately by κ ≃ α + M(χ − θ), (96) where the magnification factor M ≃ 40 if n_1 = 4, α = 0.85, v_A = 0.25, ϕ = 0.2, q = 4/3, and K/K^{(1)} = 10. Evaluating (94) using χ ≃ 1.1, the result for the effective-stress coefficient is κ ≃ 5. This estimate agrees reasonably well with the experimental result for the Berea sandstone considered by Zoback and Byerlee [1975] and Coyner [1984]. Thus, if the effective grain modulus of the pore-filling material K^{(1)}m is sufficiently smaller than that of the sand grains K^{(2)}m , we can easily find that both χ > 1 and κ > 1.

The theory shows that it is possible for the effective-stress coefficient κ to be greater than unity as observed by Zoback and Byerlee [1975], Nur, Walls, Winkler, and DeVilbiss [1980], and Coyner [1984]. To obtain better quantitative agreement between theory and experiment, we need to know values of constants usually not measured, such as K_ϕ, β, or χ.

8 Discussion

It has sometimes been speculated [Walsh, 1981] that the effective-stress coefficient for the variation of permeability κ should be the same as that for the pore volume β. For homogeneous frames, we can make a direct comparison of these two coefficients, since

1 − β = ϕ(1 − α) α and 1 − κ = 2ϕ(1 − α) 3n(α − ϕ) + 2ϕ . (97)

Then, it is straightforward to show that, in this limit,

β ≤ κ ≤ χ = 1, (98)

where the first inequality is true as long as^2_3 ≤ n. Since the expected range of n is 3 < n ≤ 4, β < κ will generally be valid for homogeneous frames. Thus, although these coefficients should behave similarly, we expect the fluid pressure to have a somewhat stronger effect on the permeability than on the pore volume for the same value of confining pressure.

In both (43) and (46), we implicitly assume that Archie’s law (or its equivalent for H) is a good approximation. To estimate how accurate this approximation is, we may consider the formula

G ≡ ϕ^{m(ϕ)} (99)

to be a defining equation for the exponent m as a function of ϕ. Then, the variation of (99) shows that δG G = [ m(ϕ) + ϕ ln ϕ δm δϕ ] δϕ ϕ . (100)

Thus, by supposing Archie’s law holds, we are implicitly assuming that | |ϕ ln ϕ δm δϕ | | << m(ϕ), (101) or that the variation of m(ϕ) with the respect to ϕ is negligible. A similar argument holds for H with n replacing m in (101).

Another issue arises when the porosity is low and approaches the percolation threshold ϕ_c. Then, (99) should be modified to G ≡ (ϕ−ϕ_c)^{m(ϕ)} for ϕ ≥ ϕ_c. This change results in only a minor modification of the preceding analysis, but may nevertheless be required for some applications.

The analysis presented here applies directly to porous materials such as clean sandstones and clay-rich sandstones. Our explicit assumption of the existence of a linear regime precludes the direct application of these results to highly fractured rocks, wherein a small change in confining pressure brings about a large change in the bulk modulus K [Fatt and Davis, 1952; Walsh, 1965; Morlier, 1971; Snow, 1968; Gangi, 1978; Tsang and Witherspoon, 1981; Walsh, 1981]. For such media, the approach introduced here may be generalized by treating differential ratios like δϕ/δp_d as defining equations for curve tangents and subsequently integrating all the resulting equations simultaneously. In such applications, at least one additional equation is needed for the behavior of the bulk modulus itself. One reasonable choice for this equation in the Gassmann limit is K = (1−ϕ)^bK_m, where b ≥ 1. This choice is consistent with the Voigt bound, and may also be consistent with the Hashin-Shtrikman bounds [Hashin and Shtrikman, 1961] if b is large enough (b ≥ 1 + 3K_m/4μ). From the present point of view, the most important characteristic of this choice is its consistency with the scale invariance property of K. Similarly, the analysis of elastic moduli for two-component composite porous media can be pursued using the approach of Kantor and Bergman [1984], just as we used the Bergman-Milton approach to analyze the electrical conductivity. Combining the analysis of the elastic properties with that for the transport properties should yield a rigorous treatment valid for fractured rock. We will leave this line of enquiry to be pursued at a later time.

9 Conclusions

In this paper, we have established bounds on and general relations among effective-stress coefficients for various physical properties. For example, the inequalities summarized in (33) show that the fluid pressure p_f is least effective at counteracting the changes induced by confining pressure for the solid volume V_s; p_f is more effective for the total volume V ; p_f is still more effective for the pore volume V_ϕ; and p_f is most effective at maintaining the fluid content ζ of the pores. Although these results seem reasonable based on physical intuition, our analysis provides the first rigorous demonstration. During this analysis, care was taken to distinguish between rigorous inequalities (following from thermodynamics) and empirical inequalities (commonly observed, but not known to be required by thermodynamics).

For microscopically homogeneous rocks (the Gassmann limit), it was shown that the permeability effective-stress coefficient κ ≤ 1, so the confining pressure is always at least as effective as the fluid pressure at changing the fluid permeability. We concluded from this result that it is impossible to use any “equivalent homogeneous rock” to explain experimental results of Zoback and Byerlee [1975] and Nur, Walls, Winkler, and DeVilbiss [1980] showing that κ > 1 for some clay-rich sandstones. The “equivalent homogeneous rock” paradigm was then replaced by the “two-constituent porous medium” paradigm. We have shown the new paradigm predicts, in some circumstances, that κ > 1 will occur for clay-rich sandstones, but these results at best establish plausibility of this explanation. New measurements of pertinent pore compressibilities are required before definitive quantitative comparisons can be made.

One of the main conclusions to be drawn from this work is the need for measurements of the pore bulk modulus K_ϕ and the effective-stress coefficients β and χ depending on this constant. Similarly, measurements of the effective-stress coefficient ϵ for electrical conductivity are presently lacking. Such measurements are needed in order to turn some of the plausibility arguments presented here into definitive predictions.

Acknowledgments

I thank M. L. Batzle, P. A. Berge, S. C. Blair, B. P. Bonner, W. B. Durham, J. Dvorkin, G. W. Milton, J. B. Walsh, H. F. Wang, and M. D. Zoback for helpful conversations, comments, and encouragement. This work was performed under the auspices of the U. S. Department of Energy by the Lawrence Livermore National Laboratory under contract No. W-7405-ENG-48 and supported specifically by the Geosciences Research Program of the DOE Office of Energy Research within the Office of Basic Energy Sciences, Division of Engineering and Geosciences.

References

Adler, P. M., C. G. Jacquin, and J. A. Quiblier, Flow in simulated porous media, Int. J. Multiphase Flow 16, 691–712, 1990.

Archie, G. E., The electrical resistivity log as an aid in determining some reservoir characteristics, Trans.

AIME 146, 54–62, 1942.

Avellaneda, M., and S. Torquato, Rigorous link between fluid permeability, electrical conductivity, and relaxation times for transport in porous media, Phys. Fluids A 3, 2529–2540, 1991.

Baker, G. A., Jr., Essentials of Padé Approximants, Academic Press, New York, pp. 229ff, 1975. Banthia, B. S., M. S. King, and I. Fatt, Ultrasonic shear-wave velocities in rocks subjected to simulated overburden pressure and internal pore pressure, Geophysics 30, 117–121, 1965.

Bergman, D. J., The dielectric constant of a composite material – a problem of classical physics, Phys.

Reports 43, 378–407, 1978.

Bergman, D. J., Exactly solvable microscopic geometries and rigorous bounds for the complex dielectric constant of a two-component composite material, Phys. Rev. Lett. 44, 1285–1287, 1980.

Bergman, D. J., Bounds for the complex dielectric constant of a two-component composite material, Phys. Rev. B 23, 3058–3065, 1981.

Bergman, D. J., Rigorous bounds for the complex dielectric constant of a two-component composite, Annals of Physics 138, 78–114, 1982.

Bernabé, Y., The effective pressure law for permeability in Chelmsford granite and Barre granite, Int.

J. Rock Mech. Min. Sci. 23, 267–275, 1986.

Bernabé, Y., The effective pressure law for permeability during pore pressure and confining pressure cycling of several crystalline rocks, J. Geophys. Res. 92, 649–657, 1987.

Berryman, J. G., Effective medium approximation for elastic constants of porous solids with microscopic heterogeneity, J. Appl. Phys. 59, 1136–1140, 1986.

Berryman, J. G., Single-scattering approximations for coefficients in Biot’s equations of poroelasticity, J. Acoust. Soc. Am. 91, 551–571 (1992).

Berryman, J. G., and G. W. Milton, Exact results for generalized Gassmann’s equations in composite porous media with two constituents, Geophysics 56, 1950–1960, 1991.

Berryman, J. G., and G. W. Milton, Exact results in linear thermomechanics of fluid-saturated porous media, Appl. Phys. Lett. 61, 2030–2032 (1992).

Berryman, J. G., and L. Thigpen, Nonlinear and semilinear dynamic poroelasticity with microstructure, J. Mech. Phys. Solids 33, 97–116, 1985.

Biot, M. A., Mechanics of deformation and acoustic propagation in porous media, J. Appl. Phys. 33, 1482–1498, 1962.

Biot, M. A., Nonlinear and semilinear rheology of porous solids, J. Geophys. Res. 78, 4924–4937, 1973. Biot, M. A., and D. G. Willis, The elastic coefficients of the theory of consolidation, J. App. Mech. 24, 594–601, 1957.

Bourbié, T., O. Coussy, and B. Zinszner, Acoustics of Porous Media, Gulf, Houston, 1987, pp. 35–37.

Brace, W. F., Some new measurements of linear compressibility of rocks, J. Geophys. Res. 70, 391–398, 1965.

Brace, W. F., Pore pressure in geophysics, in Flow and Fracture of Rocks, Geophys. Monogr. Ser., vol.

16, H. C. Heard, I. Y Borg, N. L. Carter, and C. B. Raleigh (eds.), AGU, Washington, D. C., 1972, pp. 265–273.

Brace, W. F., and R. J. Martin, III, A test of the law of effective stress for crystalline rocks of low porosity, Int. J. Rock Mech. Min. Sci. 5, 415–426, 1968.

Brace, W. F., and A. S. Orange, Electrical resisitivity changes in saturated rocks during fracture and frictional sliding, J. Geophys. Res. 73, 1433–1445, 1968a.

Brace, W. F., and A. S. Orange, Further studies of the effects of pressure on electrical resisitivity of rocks, J. Geophys. Res. 73, 5407–5420, 1968b.

Brace, W. F., A. S. Orange, and T. R. Madden, The effect of pressure on the electrical resistivity of water-saturated crystalline rocks, J. Geophys. Res. 70, 5669–5678, 1965.

Brace, W. F., J. B. Walsh, and W. T. Frangos, Permeability of granite under high pressure, J. Geophys.

Res. 73, 2225–2236, 1968.

Brandt, H., A study of the speed of sound in porous granular media, J. Appl. Mech. 22, 479–486, 1955.

Brown, R. J. S., and J. Korringa, On the dependence of the elastic properties of a porous rock on the compressibility of a pore fluid, Geophysics 40, 608–616, 1975.

Carroll, M. M., Mechanical response of fluid-saturated porous materials, in Theoretical and Applied Mechanics, F. P. J. Rimrott and B. Tabarrok (eds.), Proceedings of the 15th International Congress of Theoretical and Applied Mechanics, Toronto, August 17–23, 1980, North-Holland, Amsterdam, 1980, pp. 251–262.

Christensen, N. I., and H. F. Wang, The influence of pore pressure and confining pressure on dynamic elastic properties of Berea sandstone, Geophysics 50, 207-213, 1985; 51, 1016–1017, 1986.

Coyner, K. B., Effects of Stress, Pore Pressure, and Pore Fluids on Bulk Strain, Velocity, and Permeability of Rocks, Ph. D. Thesis, Massachusetts Institute of Technology, 1984.

Coyner, K., and C. H. Cheng, New laboratory measurements of seismic velocities in porous rocks, Geophysics 50, 309, 1985.

Dagan, G., Models of groundwater flow in statistically homogeneous porous formations, Water Resour.

Res. 15, 47–63, 1979; 16, 255, 1980.

Daily, W. D., and W. Lin, Laboratory-determined transport properties of Berea sandstone, Geophysics

50, 775-784, 1985.

Dey, T. N., Permeability and electrical conductivity changes due to hydrostatic stres cycling of Berea and Muddy J sandstone, J. Geophys. Res. 91, 763–766, 1986.

Dobrynin, V. M., Effect of overburden pressure on some properties of sandstones, Soc. Petroleum Eng.

J. 2, 360–366, 1962.

Fatt, I., The effect of overburden pressure on relative permeability, J. Petroleum Tech. 5, 15–16, 1953;

Soc. Petrol. Eng. Trans. AIME 198, 325–326, 1953.

Fatt, I., Pore volume compressibilities of sandstone reservoir rocks, Soc. Petroleum Engineers Trans.

AIME 213, 362–364, 1958.

Fatt, I., The Biot-Willis elastic coefficients for a sandstone, ASME J. Appl. Mech. 26, 296–297, 1959. Fatt, I., and D. H. Davis, Reduction in permeability with overburden pressure, Soc. Petrol. Eng. Trans.

AIME 195, 329, 1952.

Ferrell, H. H., M. Felsenthal, and J. W. Wolfe, Jr., Effect of overburden pressure on flow capacity in a deep oil reservoir, J. Petroleum Technolgy 14, 962–966, 1962.

Gangi, A. F., Variation of whole and fractured porous rock permeability with confining pressure, Int. J.

Rock Mech. Min. Sci. 15, 249–257, 1978.

Gardner, G. H. F., M. R. J. Wyllie, and D. M. Droschak, Hysteresis in the velocity-pressure characteristics of rocks, Geophysics 30, 111–116, 1965.

Garg, S. K., and A. Nur, Effective stress laws for fluid-saturated porous rocks, J. Geophys. Res. 78, 5911–5921, 1973.

Gassmann, F., Über die elastizität poröser medien, Veirteljahrsschrift der Naturforschenden Gesellschaft in Zürich 96, 1–23, 1951.

Geertsma, J., The effect of fluid pressure decline on volumetric changes of porous rocks, Tans. AIME

210, 331–340, 1957.

Green, D. H., and H. F. Wang, Fluid pressure response to undrained compression in saturated sedimentary rock, Geophysics 51, 948–956, 1986.

Greenwald, R. F., Volumetric Response of Porous Media to Pressure Variations, Ph. D. Thesis, University of California – Berkeley, 1980.

Hall, H. N., Compressibility of reservoir rocks, Soc. Petr. Eng. Trans. AIME 198, 309–311, 1953. Han, D., A. Nur, and D. Morgan, Effects of porosity and clay content on wave velocities in sandstones, Geophysics 51, 2093–2107, 1986.

Hashin, Z., and S. Shtrikman, Note on a variational approach to the theory of composite elastic materials, J. Franklin Inst. 271, 336–341, 1961.

Hill, R., The elastic behaviour of crystalline aggregate, Proc. Phys. Soc. London A65, 349–354, 1952. Hill, R., Elastic properties of reinforced solids: Some theoretical principles, J. Mech. Phys. Solids 11, 357–372, 1963.

Jaeger, J. C., and N. G. W. Cook, Fundamentals of Rock Mechanics, Chapman and Hall, London, Chapter 4, 1976.

Kantor, Y., and D. J. Bergman, Improved rigorous bounds on the effective elastic moduli of a composite material, J. Mech. Phys. Solids 32, 41–62, 1984.

King, M. S., Wave velocities in rocks as a function of changes in overburden pressure and pore fluid saturants, Geophysics 31, 50–73, 1966.

Knutson, C. F., and B. F. Bohor, Reservoir rock behavior under moderate confining pressure, Rock Mechanics, Proc. Fifth Symp. Rock Mech., C. Fairhurst (ed.), Macmillan, New York, 1963, pp. 627–659.

Korringa, J., and G. A. LaTorraca, Application of the Bergman-Milton theory of bounds to the permittivity of rocks, J. Appl. Phys. 60, 2966–2976, 1986.

Lambe, T. W., and R. V. Whitman, Soil Mechanics, Wiley, New York, 1969, Chapter 26, pp. 391–405. Longeron, D. G., M. J. Argaud, and J.-P. Feraud, Effect of overburden pressure, nature, and microscopic distribution of the fluids on electrical properties of rock samples, SPE Paper 15383, 61st Annual Technical Conference, Society of Petroleum Engineers, New Orleans, LA, October 5–8, 1986.

McLatchie, A. S., R. A. Hemstock, and J. W. Young, The effective compressibility of reservoir rock and its effects on permeability, Soc. Petroleum Engineers AIME Trans. 213, 386–388, 1958.

McTigue, D. F., Thermoelastic response of fluid-saturated porous rock, J. Geophys. Res. 91, 9533–9542, 1986.

Milton, G. W., Bounds on the complex dielectric constant of a composite material, Appl. Phys. Lett. 37, 300–303, 1980.

Milton, G. W., Bounds on the complex permittivity of a two-component composite material, J. Appl.

Phys. 52, 5286–5293, 1981.

Milton, G. W., Modelling the properties of composites by laminates, in Homogenization and Effective Moduli of Materials and Media, J. L. Ericksen, D. Kinderlehrer, R. Kohn, and J.-L. Lions (eds.), Springer-Verlag, New York, pp. 150–174, 1986.

Morlier, P., Description de l’état de fissuration d’une roche à partir d’essais non-destructifs simples, Rock Mech. 3, 125–138, 1971.

Nagumo, S., Effect of pore for deformation and failure of porous media, Bull. Earthq. Res. Inst. Tokyo

43, 317–338, 1965a.

Nagumo, S., Compaction of sedimentary rock – A consideration by the theory of porous media, Bull.

Earthq. Res. Inst. Tokyo 43, 339–348, 1965b.

Nur, A., and J. D. Byerlee, An exact effective stress law for elastic deformation of rock with fluids, J.

Geophys. Res. 76, 6414–6419, 1971.

Nur, A. M., J. D. Walls, K. Winkler, and J. DeVilbiss, Effects of fluid saturation on waves in porous rock and relation to hydraulic permeability, Soc. Petr. Eng. J. 20, 450–458, 1980.

Palciauskas, V. V., and P. A. Domenico, Characterization of drained and undrained response of thermally loaded repository rocks, Water Resources Res. 18, 281–290, 1982.

Palciauskas, V. V., and P. A. Domenico, Fluid pressures in deforming porous rocks, Water Resources Res. 25, 203-213, 1989.

Paterson, M. S., The equivalent channel model for permeability and resistivity in fluid-saturated rocks – A reappraisal, Mech. Mater. 2, 345–352, 1983.

Rice, J. R., and M. P. Cleary, Some basic stress diffusion solutions for fluid-saturated elastic porous media with compressible constituents, Rev. Geophys. Space Phys. 14, 227–241, 1976.

Robin, P.-Y. F., Note on effective pressure, J. Geophys. Res. 78, 2434–2437, 1973. Schopper, J. R., Porosity and permeability, in Physical Properties of Rocks, Vol. 1a, G. Angenheister (ed.), Springer, Berlin, 1982, pp. 184–266.

Sen, P. N., C. Scala, and M. H. Cohen, A self-similar model for sedimentary rocks with application to the dielectric constant of fused glass beads, Geophysics 46, 781–795, 1981.

Skempton, A. W., The pore-pressure coefficients A and B, Geotechnique 4, 143–147, 1954.

Skempton, A. W., Terzaghi’s discovery of effective stress, in From Theory to Practice in Soil Mechanics, Wiley, New York, 1960, pp. 42-53.

Snow, D. T., Fracture deformation and changes of permeability and storage upon changes of fluid pressure, Colo. School Mines Quart. 63, 201–244, 1968.

Stroud, D., G. W. Milton, and B. R. De, Analytical model for the dielectric response of brine-saturated rocks, Phys. Rev. 34, 5145–5153, 1986.

Terzaghi, K., The shearing resistance of saturated soils, Proc. 1st Int. Conf. Soil Mech., Cambridge, Mass., 1, 54–56, 1936.

Terzaghi, K., and R. B. Peck, Soil Mechanics in Engineering Practice, Wiley, New York, 1967, pp. 59. Todd, T., and G. Simmons, Effect of pore pressure on the velocity of compressional waves in low-porosity rocks, J. Geophys. Res. 77, 3731–3743, 1972.

Trimmer, D., B. P. Bonner, H. C. Heard, and A. Duba, Effect of pressure and stress on water transport in intact and fractured gabbro and granite, J. Geophys. Res. 85, 7059–7071, 1980.

Tsang, Y. W., and P. A. Witherspoon, Hydromechanical behavior of a deformable rock fracture subject to normal stress, J. Geophys. Res. 86, 9287–9298, 1981.

Vairogs, J., C. L. Hearn, D. W. Dareing, and V. W. Rhoades, Effect of rock stress on gas production from low-permeability reservoirs, J. Petroleum Technology 23, 1161–1167, 1971.

Vairogs, J., and V. W. Rhoades, Pressure transient tests in formations having stress-sensitive permeability, J. Petroleum Technology 25, 965–970, 1973.

Van der Knapp, W., Nonlinear behavior of elastic porous media, Soc. Petroleum Engineers Trans. AIME

216, 179–187, 1957.

Voigt, W., Lehrbuch der Kristallphysik, Teubner, 1928.

Wagner, C., and M. Voigt, Eine Methode zur Bestimmung der Porosität und Kompressibilität poröser Gesteine unter Gebirgsdruck, Z. Angew. Geol. 17, 413–416, 1971.

Walsh, J. B., The effect of cracks on the compressibility of rock, J. Geophys. Res. 70, 381–389, 1965. Walsh, J. B., Effect of pore pressure and confining pressure on fracture permeability, Int. J. Rock Mech.

Min. Sci. 18, 429–435, 1981.

Walsh, J. B., and W. F. Brace, The effect of pressure on porosity and the transport properties of rock, J. Geophys. Res. 89, 9425–9431, 1984.

Watt, J. P., G. F. Davies, and R. J. O’Connell, Elastic properties of composite materials, Rev. Geophys.

Space Phys. 14, 541–563, 1976.

Whiting, J. F., Acoustic Velocities in Poorly Consolidated Clastic Materials, M. S. Thesis, University of Wisconsin – Madison, 1982.

Wyble, D. O., Effect of applied pressure on the conductivity, porosity and permeability of sandstones, Soc. Petroleum Engineers Trans. AIME 213, 430–432, 1958.

Zimmerman, R. W., The Effect of Pore Structure on the Pore and Bulk Compressibilities of Consolidated Sandstones, Ph. D. Thesis, University of California – Berkeley, 1984.

Zimmerman, R. W., M. H. Somerton, and M. S. King, Compressibility of porous rocks, J. Geophys. Res.

91, 12765–12777, 1986.

Zoback, M. D., High Pressure Deformation and Fluid Flow in Sandstone, Granite, and Granular Materials, Ph. D. Thesis, Stanford University, 1975.

Zoback, M. D., and J. D. Byerlee, Permeability and effective stress, Bull. Am. Assn. Petr. Geol. 59, 154–158, 1975.

Table 1. Values of ϕ, K_s, K, and α for two different confining pressures applied to various rocks measured by Coyner [1984]. The value of the effective-stress coefficient θ for expansion and contraction is computed from the given values of K_s and K.

p_c = 0 p_c = 10 MPa p_c = 25 MPa Rock Sample ϕ(%) K_s(GPa) K(GPa) α K_s(GPa) K(GPa) α θ Weber Sandstone 9.5 37.0 4.0 0.89 38.0 10.0 0.74 0.995 Navajo Sandstone 11.8 34.0 13.0 0.62 34.5 16.5 0.52 0.974 Berea Sandstone 17.8 39.0 6.0 0.85 39.0 10.0 0.74 1.000 Bedford Limestone 11.9 66.0 23.0 0.65 66.0 27.0 0.59 1.000 Barre Granite 0.7 54.5 13.5 0.75 55.5 21.5 0.61 0.988 Westerly Granite (red) 0.8 53.0 24.0 0.55 54.0 34.0 0.37 0.971 Chelmsford Granite 1.1 54.5 8.0 0.85 55.5 17.0 0.69 0.995

Table 2. Sample properties from Zoback and Byerlee [1975] and Nur et al [1980].

Porous Clay Sample ϕ(%) Content(%) k_0(md) κ Al_2O_3(A) 26 0 817 0.43 Al_2O_3(B) 29 0 50 0.86 St. Peter 20 0.5 944 1.2 Berea 350 22 6.0 382 2.2 Brownstone 21 4.5 624 2.4 Berea 350 22 6.0 261 2.9 Berea 500 21 4.3 470 3.2 Berea 200 22 6.3 363 3.2 Massilon 23 5.0 737 3.2 Berea 100 20 8.6 52 3.3 Massilon 24 6 995 3.5 Berea 19 8 42 4.0 Berea 500 21 4.3 617 4.6 Bandera 16 20.0 0.4 7.1

Figure Captions

Figure 1: Jacketed bulk modulus K, unjacketed bulk modulus K_s, and porosity ϕ as a function of hydrostatic confining pressure for Navajo sandstone. Data from Coyner [1984] with the author’s permission.

Figure 2: Same as Figure 1 for Weber sandstone. Bars represent probable error. Data from Coyner [1984] with the author’s permission.

Figure 3: Same as Figure 1 for Berea sandstone. Data from Coyner [1984] with the author’s permission.

Figure 4: Same as Figure 1 for Westerly granite. Bars represent probable error. Data from Coyner [1984] with the author’s permission.

Figure 5: The unjacketed compressibility 1/K_s as a function of the jacketed compressibility 1/K for six of Coyner’s [1984] suite of seven rocks. (Barre granite is not shown since its curve is close to that for Chelmsford granite.) Pressure variation is illustrated on the curve for Navajo sandstone, showing that the high end corresponds to lower confining pressure (10 MPa) and the low end to the higher pressures (25 MPa). In fact, Coyner’s measurements continue to 100 MPa and almost all the curves begin to deviate from linearity for the higher pressures, but this behavior is beyond the scope of the present study and therefore is not shown.

Figure 6: In a two-constituent mixture, regions A and B could be filled with solids, fluids, fluidsaturated or unsaturated porous solids, or any pair of such materials. For example, in the Gassmann limit, region B might be filled with a pure-grain solid, while region A is filled with a fluid.

Figure 7: In the clayey-sandstone model, region A from Figure 6 is filled with fluid-saturated porous clay-like solid of type-1, while region B is filled with solid sand grains of type-2.

List of Symbols g = overall electrical conductivity g_f = pore-fluid electrical conductivity k = fluid permeability m = Archie’s cementation exponent for conductivity n = exponent for fluid permeability p_c = confining pressure p_d = p_c − p_f , the differential pressure p_f = fluid pressure s = a measure of specific surface area v_A, v_B = regional volume fractions F = formation factor G = analytic conductivity function H = scale invariant part of the fluid permeability K = bulk modulus of drained porous frame (jacketed) K_f = fluid bulk modulus K_m = material (or grain) bulk modulus K_p = ϕK/α, an effective pore bulk modulus K_s = an effective solid bulk modulus (unjacketed) K_u = bulk modulus of undrained porous frame K_ϕ = an effective pore bulk modulus K^{(1)}, K^{(2)} = drained frame moduli of porous constituents K^{(1)}m , K^{(2)}m = material moduli of solid constituents V = total volume V_s = (1 − ϕ)V , the solid volume V_ϕ = ϕV , the pore volume α = total volume effective-stress coefficient β = pore volume effective-stress coefficient γ = inverse of Skempton’s constant B ϵ = electrical conductivity effective-stress coefficient ζ = increment of fluid content θ = relative change effective-stress coefficient for two-component porous medium κ = fluid permeability effective-stress coefficient μ = shear modulus of drained porous frame μ_m = material (or grain) shear modulus

σ = solid volume effective-stress coefficient ϕ = porosity χ = porosity effective-stress coefficient