Chapter 1 Resolution of Iterative Inverses

in Seismic Tomography^�

James G. Berrymany

Abstract With applications to seismic traveltime tomography in mind, methods have been developed for computing both the model and data resolution matrices for iterative inverses such as those produced by the Lanczos scheme for finding a matrix inverse.

1 Introduction The central role of resolution in inversion has been emphasized by Backus and Gilbert [1], who base their general inversion methods on techniques designed to optimize the resolution of the resulting geophysical model obtained from processed data. Tomographic reconstruction schemes based on seismic data — one important example of the more general inversion problem — have well-defined resolution properties [4]. Yet, these properties are not computed as often as they might be because of the common misconception [3] that resolution matrices can only be computed using singular value decomposition (SVD). Iterative inversion methods such as conjugate gradients, conjugate directions, Lanczos, and LSQR are used more commonly than SVD in tomography codes, because of their smaller storage and computing requirements [9]. The state of our knowledge of tomographic resolution would therefore improve if methods for computing resolution matrices were available for the most common iterative matrix inversion schemes.

This paper shows how resolution matrices can be computed for the Lanczos matrix inversion scheme [5]. Generalization for other iterative inversion schemes is straightforward.

2 Tridiagonalization Method of Lanczos Consider the linear inversion problem of the form Ms = t, where s is the unknown. For a crosshole seismic tomography problem [2], M is an m × n ray-path matrix, t is an mvector of first arrival traveltimes, and s is the model slowness (inverse velocity) vector. The method of Lanczos [5] solves this problem by introducing a sequence of orthonormal vectors z^{(k)} through a process of tridiagonalization. To obtain the minimum norm least-squares solution of Ms = t, the method may be applied to the normal equations

M^T Ms = M^T t, (1) since they have the form Ax = b with square symmetric matrix A = M^T M, unknown vector x = s, and data vector b = M^T t.

�Work performed under the auspices of the U. S. Department of Energy by the Lawrence Livermore National Laboratory under contract No. W-7405-ENG-48 and supported specifically by the Geosciences Research Program within the Office of Basic Energy Sciences, Division of Engineering and Geosciences.

yLawrence Livermore National Laboratory, P. O. Box 808 L-202, Livermore, CA 94551-9900, USA. 1

2 Berryman

2.1 Algorithm With A = M^T M and b = M^T t, the Lanczos algorithm is a projection procedure equivalent to the following:

z^{(1)} ( z^{(1)} )T b = b, (2) [ z^{(1)} ( z^{(1)} )T + z^{(2)} ( z^{(2)} )T ] Az^{(1)} = Az^{(1)}, (3) and, for k ≥ 2, [ z^{(k}�^{1)} ( z^{(k}�^{1)} )T + z^{(k)} ( z^{(k)} )T + z^{(k+1)} ( z^{(k+1)} )T ] Az^{(k)} = Az^{(k)}. (4) By simple induction on the recursion formulas, all the basis vectors satisfy ( z^{(i)} )T z^{(j)} = δ_{ij} , so ideally the z vectors are orthonormal. Of course, these conditions are not satisfied exactly for finite precision calculations — leading to some practical difficulties that will not be discussed here for lack of space [7].

For the application to traveltime tomography, the pertinent constants are defined by N_1 = | | |MT t | | | = ( z^{(1)} )T M^T t, D_k = ( z^{(k)} )T M^T Mz^{(k)} for k = 1, 2, . . ., and

N_{k+1} = ( z^{(k+1)} )T M^T Mz^{(k)} for k = 1, 2, . . .. We then see that the equations (2)–(4) determine a tridiagonal system of the form

z^{(k+1)}e^T_k N_{k+1} + Z_kT_k = M^T MZ_k for 2 ≤ k ≤ r, (5) where the tridiagonal matrix of coefficients is defined by

T_k =

D_1 N_2 N_2 D_2 N_3 N_3 D_3 N_4 ... ... ... N_k D_k for 2 ≤ k ≤ r, (6)

and where the matrix Z_k = ( z^{(1)} z^{(2)} z^{(3)} . . . z^{(k)} ) is composed of the resulting orthonormal vectors. In practical implementations of the algorithm, the constants N_{k+1} are generally found through the normalization condition implicit in (4).

Assuming infinite precision, the process stops when k = r (the rank of the matrix) because then N_{r+1} ≡ 0 (or is numerically negligible). It follows from (5) that this tridiagonalization process results in the identity

M^T M = Z_rT_rZ^T_r . (7) Since T_r is invertible, the Moore-Penrose inverse [8] of the normal matrix is given by ( M^T M

)y_=

Z_r (T_r)�^1 Z^T_r . (8) The solution to the least-squares inversion problem may therefore be written as s = Z_r (T_r)�^1 Z^T_r M^T t = N_1Z_r (T_r)�^1 e_1. The first column of the inverse of T_r (the only one needed) may be found using an elementary recursion relation.

Resolution in Tomography 3

2.2 Resolution Since the Lanczos algorithm directly produces a sequence of orthonormal vectors in the model space, it is straightforward to see that the model resolution matrix for this method is R_{model} = M^T M ( M^T M

)y_=

Z_rZ^T_r , (9) which is also clearly symmetric. We compute the data resolution matrix using the fact that R_{data} = MMy = M ( M^T M )y M^T together with (8), so

R_{data} = MZ_r (T_r)�^1 Z^T_r M^T .

(10)

Both resolution matrices are symmetric if we compute the full Lanczos inverse.

Assuming only that orthogonality has been maintained among the vectors z^{(k)} (a nontrivial assumption for realistic applications [7]), the matrix Z_r is just the span of the model space associated with the ray-path matrix M. Thus, (9) is understood intuitively as the result one obtains by finding a new orthonormal set of basis vectors for the span of the resolution matrix. In other methods such as the Paige-Saunders LSQR algorithm [6], it is also possible to obtain a corresponding formula for the data resolution. However, for the Lanczos algorithm, the data resolution must be computed indirectly from the available information using (10).

3 Conclusions The method of computing resolution matrices discussed here may be easily generalized to a variety of other iterative and approximate inversion methods including Paige-Saunders inverses [6], which are expected to be more useful than the Lanczos scheme in practice for solving problems in seismic traveltime tomography [3].

References

[1] G. Backus and F. Gilbert, The resolving power of gross earth data, Geophys. J. R. Astron.

Soc., 16 (1968), pp. 169–205.

[2] J. G. Berryman, Stable iterative reconstruction algorithm for nonlinear traveltime tomography, Inverse Problems, 6 (1990), pp. 21–42.

[3] J. R. Evans and U. Achauer, Teleseismic velocity tomography using ACH method: Theory and application to continental-scale studies, in Seismic Tomography: Theory and Practice, H. M. Iyer and K. Hirahara (eds.), Chapman and Hall, London, 1993, pp. 319–360.

[4] D. D. Jackson, Interpretation of inaccurate, insufficient and inconsistent data, Geophys. J. R.

Astron. Soc., 28 (1972), pp. 97–109.

[5] C. Lanczos, An iteration method for the solution of the eigenvalue problem of linear differential and integral operators, J. Res. Nat. Bur. Stand., 45 (1950), pp. 255–282.

[6] C. C. Paige and M. A. Saunders, LSQR: An algorithm for sparse linear equations and sparse least squares, ACM Trans. Math. Software, 8 (1982), pp. 43–71.

[7] B. N. Parlett, The Symmetric Eigenvalue Problem, Prentice-Hall, Englewood Cliffs, NJ, 1980, Chapter 13, pp. 257–287.

[8] R. Penrose, A generalized inverse for matrices, Proc. Cambridge Philos. Soc., 51 (1955), pp.

406–413.

[9] A. van der Sluis and H. A. van der Vorst, Numerical solution of large, sparse linear algebraic systems arising from tomographic problems, in Seismic Tomography – With Applications in Global Seismology and Exploration Geophysics, G. Nolet (ed.), Reidel, Dordrecht, Holland, 1987, Chapter 3, pp. 49–83.