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ABSTRACT

We extend the theory of image-space wave-equation tomography to the gener-
alized source domain, where a smaller number of synthesized shot gathers are
either generated by data-space phase encoding or image-space phase encoding.
We demonstrate how to evaluate the wave-equation forward tomographic oper-
ator and its adjoint in these new domains. We compare the gradients of the
image-space misfit functional obtained using both data-space and image-space
encoded gathers with that obtained using the original shot gathers. We show
that with those encoded shot gathers, we can obtain a similar gradient as that
computed in the original shot-profile domain, but at lower computational cost.
The saving in cost is important for putting this theory into practical applications.
We illustrate our examples on a simple model with Gaussian anormalies in the
subsurface.

INTRODUCTION

Wave-equation tomography has the potential to accurately estimate the velocity
model in complex geological senarios where ray-based traveltime tomography often
fails. Wave-equation based tomography uses band-limited wavefields instead of wide-
band rays as carriers of information, thus it is robust even in the presence of strong
velocity contrast and immune from multi-pathing issues. Generally speaking, wave-
equation tomography can be classified into two different categaries based on the do-
mian where it minimizes the residual. The domain can either be the data space or the
image space. For the data-space based approach, it directly compares the modeled
waveform with the recorded waveform, and is widely known as the waveform inversion
or data-space wave-equation tomography (Tarantola, 1987; Mora, 1989; Woodward,
1992; Pratt, 1999). The main disadvantage of the data-space approach is that in com-
plex areas, the recorded waveforms can be very complicated and are usually of low
signal to noise ratio (S/N), so matching the full waveform might be extremely diffi-
cult. On the other hand, the image-space based approach, also known as image-space
wave-equation tomography, minimizes the residual in the image domain obtained after
migration. The image domain is often much simpler than the data domain, because
even with a relatively inaccurate velocity, migration is able to (partially) collapse
diffractions and enhance the S/N, thus the image-space wave-equation tompgraphy
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has the potential to mitigate some of the difficulties that we encounter in the data-
space based approach. Another advantage of the image-space based approach is that
the more efficient one-way wave-equation extrapolator can be utilized, whereas in
waveform inversion, the one-way propagator is difficult (if not imposible) to find its
usage because of its inability to model the multiple arrivales, though some tweaks can
be employed so that the one-way propagater can be applied in the case of turning
wave tomography (Shragge, 2007).

However, despite of its theoretical advantages, image-space wave-equation tomog-
raphy is still computationally challenging. Each iteration of tomographic velocity
updating is computationally expensive and often converges slowly. Practial appli-
cations are still rare and small in scale (Biondi and Sava, 1999; Shen et al., 2005;
Albertin et al., 2006). The goal of this paper is to extend the theory of image-space
wave-equation tomography from the conventional shot-profile domain (Shen, 2004) to
the generalized source domain, where a smaller number of synthesized shot gathers
make the tomographic velocity update substentially faster. The generalized source
domain can be obtained either by data-space phase encoding or image-space phase
encoding. By data-space phase encoding, we mean that the synthesized shot gathers
are obtained by linear combination of the original shot gather after some kind of
phase encoding, in particular, here we mainly consider plane-wave phase encoding
(Whitmore, 1995; Zhang et al., 2005; Duquet and Lailly, 2006; Liu et al., 2006) and
random phase encoding (Romero et al., 2000). As the encoding process is done in the
data space, we call it data-space phase encoding. By image-space phase encoding,
we mean that the synthesized gathers are obtained by prestack exploding reflector
modeling (Biondi, 2006, 2007; Guerra and Biondi, 2008b). where several subsurface-
offset-domain common-image gathers (SODCIGs) are simultaneously demigrated to
generate area source and area receiver gathers. To attenuate the cross-talk, the SOD-
CIGs have to be encoded, e.g., by random phase encoding. This encoding process is
done in the image space, so we call it image-space phase encoding. We show that in
these generalized source domains, we can obtain gradients, which are used for updat-
ing the velocity model, similar to that obtained in the original shot-profile domain,
but with less computational cost.

This paper is organized as follows: We first brieflly review the theory of image-
space wave-equation tomography, we review the formulation of the objective function
and its gradient; then we discuss how to evaluate the forward tomographic operator
and its adjoint in the orignal shot-profile domain, the latter is an important compo-
nent in computing the gradient; then we extend the theory to the generalized source
domain; finally, we show examples on a simple synthetic model.

IMAGE-SPACE WAVE-EQUATION TOMOGRAPHY

Image-space wave-equation tomography is a non-linear inverse problem, it is based
on an optimization that tries to find an optimal background slowness that minimizes
the residual field, AI, defined in the image space. The residual field is derived from
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the background image, I, which is computed with a background slowness (or the
current estimate of the slowness). The residual field measures the correctness of the
background slowness, its minimum (under some norm, e.g. f5) is achieved when a
correct background slowness has been used for migration. There are many choices
of the residual field, such as residual moveout in the Angle-Domain Common-Image
Gathers (ADCIGs), differential semblence in the ADCIGs, reflection angle stacking
power (in this case we have to maximize the residual field, or minimize the minus
stacking power), and etc.. Here we follow a similar definition as in Biondi (2008), and
define a general form of the residual field as follows:

AI=1-F(I), (1)

where F is a focusing operator, which measures the focusing of the migrated image.
For example, in the wave-equation migration velocity analysis (WEMVA) method
(Sava, 2004), the focusing operator is the linearized residual migration operator de-
fined as follows:

F(I) = R[pll ~ T+ K[Ap]L, (2)

where p is the ratio between the background slowness s and the true slowness s, and
Ap=1—p=1-2; R[p]is the residual migration operator; K[Ap] is the differential
residual migration operator defined as follws:

Kiag -2, 00 3)

p=1
The linear operator K[Ap] applies different phase rotations to the image for different
reflection angle and geological dips (Biondi, 2008). In the Differential Semblance
Optimization (DSO) method (Shen, 2004), the focusing operator takes the following
form:

FI)=(1-0)L (4)

where O is the DSO operator either in the subsurface offset domain or in the angle
domain. Subsurface offset domain DSO focuses the energy at zero offset while angle
domain DSO flattens the ADCIGs.

In general, if we choose ¢35 norm, the objective function to minimize can be written
as follows:

1 1
J = S l|AT]l, = [T - FD)} (5)

where || - ||2 stands for the ¢ norm. Gradient based optimization techniques such as
Quasi-Newton method and Conjugate Gradient method can be used to minimize the
objective function J, which is non-linear because the image I is a non-linear function
of the slowness s. To use the gradient based methods, we have to provide the gradient
of J with respect to the slowness s. The gradient reads

VJ =% ((% _ agf))/ (1 F(I))) | (6)
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where ' denotes the adjoint. For the DSO method, the linear operator O is indepen-
dent of the slowness, so we have

OF(I) o1

55— (1= 0)5. (7)

Substituting Equations 4 and 7 into Equation 6 yields

VJpso = R <<%> 0'01> (8)

For the WEMVA method, the gradient is slightly more complicated, because in
this case, the focusing operator is also dependent on the slowness s. However, one can
simplify it by assuming that the focusing operator is performed on the background
image I instead of I, i.e.,

F(I) =T+ K[AfT, (9)

With this assumption, we get the ”classic” WEMVA gradient as follows:

Vv = - (5 ) KI51) (10)

The complete WEMVA gradient can also be derived following the method described
by Biondi (2008).

No matter which gradient we choose to back-project the slowness perturbeation,
we have to evaluate the adjoint of the linear operator %, which defines a linear
mapping from the slowness perturbation As to the image perturbation AI. This is

easy to see by expanding the image I around a background slowness s as follows:

~ 01 N
IT=T+—-(s—8)+ - 11
e SCEC RN (1)

where I is the background image computed with the background slowness s. Keeping
only the zero and first order terms, we get the linearized operator % defined as follows:

Al = %As = TAs, (12)
where AT =I—-Tand As =s—38. T = % is the wave-equation tomographic operator.
The tomographic operator can either be defined in the source and receiver domain
(Sava, 2004) or in the shot-profile domain (Shen, 2004). In next section we follow a
similar approach disscussed by Shen (2004) and review the forward and adjoint tomo-
graphic operator in the shot profile domain, in the subsequent sections, we generalize
the expression of the tomographic operator to generalized source domains.
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THE TOMOGRAPHIC OPERATOR IN THE
SHOT-PROFILE DOMAIN

For the conventional shot-profile migration, both source and receiver wavefields are
downward continued with the following one-way wave equations (Claerbout, 1971):

{ <% + i/ w2s?(x) — ]k|2> D(x,x5,w) =0 ’ (13)
D(z,y,z=0,%x5,w) = fs(w)d(x — x4)

and

(2 +iv/es200) = K2) U, x,,) = 0 10
U(x7y’Z:07XS7w) :Q(x7y7Z:O7XS7w) ’

where the overline stands for complex conjugate; D(x,x,,w) is the source wavefield
for a single frequency w at image point x = (z,y,z) with the source located at
xXs = (T, Ys,0), U(X, X5, w) is the receiver wavefield for a single frequency w at image
point x for the source located at x,. s(x) is the slowness at x, k = (k;, k,) is the
spatial wavenumber vector, fs(w) is the freqnency dependent source signature and
fs(w)d(x — x5) defines the point source function at x,, which serves as the boundary
condition of equation 13. Q(z,y,2z = 0,X,,w) is the shot gather for the shot located
at x,, which serves as the boundary condition of equation 14. To produce the image,
the following cross-correlation imaging condition is used:

I(x,h) =) > D(x—h,x,,w)U(x + h,x,,w), (15)

where h = (hy, hy, h,) is the subsurface half offset.

The perturbed image at some image point can be derived by a simple application
of the chain rule to equation 15:

Al(x,h) = Z Z (AD(X —h, x,,w)U(x + h,x,,w)+
lA)(x —h, x,,w)AU(x + h, x4, w)) : (16)

where D(x — h,x,,w) and U(x + h,x,,w) are the background source and receiver
wavefields computed with the background slowness §(x); AD(x—h, x,,w) and AU (x+
h, x,, w) are the perturbed source wavefield and perturbed receiver wavefield, which
are the results of the slowness perturbation As(x). The perturbed source and receiver
wavefields satisfy the following linearized (with respect to slowness) one-way wave
equations, respectively(see Appendix A for derivations)

(% + iy /W52 (x) — |k|2) AD(X,X,,w) = Ls(t)f)(X) X, W)
170,12“5:2'(:() 5 (].7)

AD(z,y,z = 0,%x5,w) =0
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and

(2 +iv/e?2(x) = KP) AU(x, x,,w) = 22200 T (x, x,,w)
L =0 . (18)

AU(z,y,z =0,x5,w) =0

Equations 17 and 18 are linear with respect to slowness perturbation, thus they
define linear mappings from the slowness perturbation As(x) to the perturbed source
wavefield AD(x,x;,w) and the perturbed receiver wavefield AU (x,x;,w), respec-
tively. Therefore, recursively solving equations 17 and 18 give us the perturbed source
and receiver wavefields. The perturbed source and receiver wavefields are then used
in equation 16 to generate the perturbed image I(x, h), where the background source
and receiver wavefields are precomputed by solving the recursive equations 13 and 14
with a background slowness 5(x). Appendix B gives a more detailed matrix repre-
sentation of how to evaluate the forward tomographic operator T.

To compute the adjoint tomographic operator T”, we first apply the adjoint of the
imaging condition in equation 16 to get the perturbed source and receiver wavefields
AD(x,xs,w) and AU(X, Xs,w) as follows

AD(X,X5,w) = ZAI(X,h)fj(X—l—h,Xs,w) (19)

AU(x,x,,w) = Y AI(x,h)D(x —h,x,,w) (20)

Then we solve the adjoint equations of 17 and 18 to get the slowness perturbation
As(x). Again, in order to solve the adjoint equations of 17 and 18, the background
source wavefield D(x, X,,w) and the background receiver wavefield U (x,x,,w) have
to be computed in advance. Appendix B gives a more detailed matrix representation
of how to evaluate the adjoint tomographic operator: T.

TOMOGRAPHY WITH THE ENCODED WAVEFIELDS

It is clear from previous sections that the cost for computing the gradient of the
objective function J in the original shot-profile domain is at least twice the cost
as that of a shot-profile migration, because to compute the perturbed wavefields, the
background wavefields are required. As minimizing the objective function J requires a
considerable number of gradient and function evaluations, image-space wave-equation
tomography in the conventional shot-profile domain seems to be infeasible for large
scale 3-D applications, even with nowadays computer resources. To save the cost and
to make this powerful method more practical, we extend the wave-eqaution tomog-
raphy theory to generalized source domains, where a smaller number of synthesized
shot gathers are used for computing the gradient. We discuss two different strategies
generate the generalized shot gathers, i.e., the data-space phase encoding and the
image-space phase encoding. Both of which can achieve a considerable amount of
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data reductions while still keeping the necessary kinematic information for velocity
analysis.

Data-space encoded wavefields

The data-space encoded shot gathers are obtained by linear combination of the orig-
inal shot gathers after phase encoding. For simplicity, we mainly consider the plane-
wave phase-encoding and the random phase-encoding. Because of the linearity of
the one-way wave equation respect to the wavefield, the encoded source and receiver
wavefields also satisfy the same one-way wave equations defined by Equations 13 and
14, but with different boundary conditions:

{ Q% +iy/w?s2(x) — \k[2> ﬁ(x, ps,w) =0 | (21)
D(l.a Y,z = Oa p57w> - sz fs(w)é(x - Xs>a<xs> Ps, w)

and

(% + i\/w252(x) — ]kP) (7()(, ps,w) =0 (22)
Uz, y,2 = 0,x5,0) = 3 Q29,2 = 0,x,,w)a(Xy, Psyw)

where D(x, p,,w) and U(x, ps,w) are the encoded source and receiver wavefields
respectively; a(xs, ps,w) is the phase-encoding function. In the case of plane-wave
phase encoding, (X, ps,w) is defined as

a(Xs, Ps,w) = 4P, (23)

where p; is the ray parameter for the source plane waves on the surface. In the case
of random phase encoding, the phase function is

a(XS’ Ps,w) _ eiv(x&p&w)’ (24)

where v(x;, ps,w) is a random sequence in x; and w. ps defines the index of different
realizations of the random sequence (Tang, 2008). The final image is obtained by
applying the cross-correlation imaging condition and summing all p,’s:

Iae(x,h) =Y " D(x — h, p,,w)U(x + h, p,, w). (25)

It has been shown by Etgen (2005) and Liu et al. (2006) that, in the case of plane-wave
phase-encoding migration, by stacking a considerable number of pg, the plane-wave
migrated image is almost identical to the shot-profile migrated image. If the original
shots are well sampled, the number of plane waves required for migration is generally
much smaller than the number of the original shot gathers (Etgen, 2005). On the
other hand, random-phase encoding function is not very effective in attenuating the
cross-talk, especially when many sources are simultaneously encoded (Romero et al.,
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2000; Tang, 2008). However, if many realizations of the random sequences are used,
the final stacked image would also be approximately the same as the shot-profile
migrated image. Therefore, the following relation approximately holds, i.e., with the
data-space encoded gathers, we obtain a similar image as that computed by the more
expensive shot-profile migration:

I(x,h) ~ I4.(x,h). (26)

From Equation 25, the perturbed image can be easily obtained as follows:

~

Alge(x,h) = Z Z (Aﬁ(x —h,ps,w)U(x+ h, ps,w)+
Ps w
D(x — h, p,,w)AU(x + h, ps,w)), (27)

where 5(){, ps,w) and U (x, ps, w) are the data-space encoded background source and
receiver wavefields; Aﬁ(x, ps,w) and AU (x, ps,w) are the perturbed source and re-
ceover wavefields in the data-space phase-encoding domain, which satisfy the per-
turbed one-way wave equations defined by Equations 17 and 18. The tomographic
operator T and its adjoint T can be implemented in a similar mannar as discussed
in Appendix B and C by replacing the original wavefileds with the data-space phase
encoded wavefields.

Image-space encoded wavefields

The image-space phase encoded gathers are obtained using the prestack exploding
reflector modeling method introduced by Biondi (2006) and Biondi (2007). The
general idea of this method is to model the data and the corresponding source function
that are related to only one event in the subsurface, where a single unfocused SODCIG
(obtained with an inaccurate velocity model) is used as the initial condition for the
recursive upward continuation by the following one-way wave equations:

{ (£ — iVe200) = [KP) Qo (X, s ) = Ip(% B 2, ) | (28)

QD(x7y7 Zz = Zma)mw; x’rruym) - 0

and

(% - Z.\/(")2‘§2<X) - ’k|2> QU(Xa Wi T,y ym) = [U(Xa h; Ly ym) (29)
QU(%%Z = Zmax7w;xm7ym) =0 ’

where Ip(x,h; 2., ym) and Iy(x, h; z,, y,) are the isolated SODCIGs at horizontal

location (z,, ym) for a single reflector, which are suitable for the initial conditions for

the source and receiver wavefields, respectively. They are obtained by rotating the
original unfocused SODCIGs according to the apparent geological dip of the reflector.
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This rotation maintains the correct velocity information needed for migration velocity
analysis, especially for dipping reflectors (Biondi, 2007). By collecting the wavefields
at the surface, we obtain the areal source data Qp(x,y, 2 = 0, w; ., Ymm) and the areal
receiver data Qu(x,y,z = 0,w;Tm,ym) for a single reflecor and a single SODCIG
located at (2., Ym)-

Since the size of the migrated image volume can be very big in practice and
there are usually many reflectors in the subsurface, modeling each reflector and each
SODCIG once a time may generate a data set even bigger than the original data set.
One strategy to reduce the cost is to model several reflectors and several SODCIGs
simultaneously (Biondi, 2006), however, this process generates unwanted crosstalk.
As discussed by Guerra and Biondi (2008b,a), random phase encoding could be used
to attenuate the crosstalk. The randomly encoded areal source and areal receiver
wavefields can be computed as follows:

{ (& — iV = ) Qo(x. psw) = Tl h) "
QD(‘T’y7Z = Zmaxypmyw) =0

and

{ (2~ i/eP20) — KE) Qu(x, b ) = T, ) o
QU([E, Y,z = Zmaxypmaw) =0 ’

where Ip(x,h) and Ij/(x, h) are the encoded SODCIGs after rotations, they are de-
fined as follows:

’]VD(XJh) = ZZID(X7h7xmaym)ﬁ(xaxm7ymapmaw)a (32)
Tm  Ym

TU(Xah) = ZZIU(Xahaxmaym)ﬁ(xaxm:ym7pmaw)a (33)
Tm  Ym

where 3(X, Ty, Ym, Pm,w) = €10TmymPnw) ig chosen to be the random phase-encoding
function with v(X, Ty, Ym, Pm,w) being a uniformly distributed random sequence in
X, T, Ym and w; the variable p,, is the index of different realizations of the random
sequence. Recursively solving Equations 30 and 31 give us the encoded areal source
data Qp(x,y,z = 0,pm,w) and areal receiver data Qp(z,y,z = 0,pm,w) collected
on the surface.

The synthesized new data sets are downward continued using the same one-way
wave equation defined by Equations 13 and 14 (with different boundry conditions) as
follows:

{ (% + Vo6 = [KP) Dix. pnss) = 0 s

D(.ﬁE,y,Z = Oapmaw) = QD(:B7y7 = 07pm7w)

and

{ (£ +ive?260 = k) Ulx, pyw) = 0 (35)

Y

Ulx,y,z=0,%xs,w) = Qu(x,y,z2 =0,pm,w)
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where ﬁ(x, Pm,w) and U (X, Pm,w) are the downward continuted areal source and
areal receiver wavefields for realization p,,. The image is produced by cross-correlating
the two wavefields and summing all p,,’s as follows:

Ie X h ZZD X, Pm, W (X Pm,w ) (36>

The crosstalk artifacts can be further attenuated if the number of p,, is large, there-
fore, approximately, the image obtained by migrating the image-space encoded gath-
ers is kinematically equivalent to the image obtained in the shot-profile domain.

From Equation 36, the perturbed image can thus be easily obtained as follows:

Alye(x,h) ZZ (AD h,pm,w)ﬁ(x—i— h, p,, w)+

~

B(x — b, py ) AT (x + D, pm,w>) | (37)

where lN)(X, Pm,w) and U (X, pm,w) are the image-space encoded background source
and receiver wavefields; Af)(x,pm,w) and AU (X, pm,w) are the perturbed source
and receover wavefields in the image-space phase-encoding domain, which satisfy the
perturbed one-way wave equations defined by Equations 17 and 18. The tomographic
operator T and its adjoint T can be implemented in a similar mannar as discussed
in Appendix B and C by replacing the original wavefileds with the image-space phase
encoded wavefields.

NUMERICAL EXAMPLES

We test the image-space wave-equation tomography in the generalized source domain
on a simple model which contains only one reflector located at z = 1500 m. Figure 1
shows the correct slowness model. The background slowness is constant which is equal
to 1/2000 s/m; there are two Gaussian anormalies located at (z = —800,z = 800)
and (z = 800,z = 800) respectively: the left one is with 5% higher slowness, while
the right one is with 5% lower slowness. We model 401 shots, the shots are ranging
from —4000 m to 4000 m with a shot interval equals to 20 m. The receiver locations
are also ranging from —4000 m to 4000 m, but with a 10 m inverval. The receivers
are fixed for all shots to mimic a land acquisition geometry.

Figure 2 shows the migrated images in different domains computed with a back-
ground slowness s = 1/2000 s/m: Figure 2(a) is obtained by migrating the original
401 shot gathers. Because of the inaccuracy of the slowness model, we can identify
the mispositioning of the reflectors, especially beneath the Gaussian anormalies. Fig-
ure 2(b) is obtained by migrating the data-space plane-wave-source encoded gathers,
where 61 plane waves are migrated; The result is almost identical to that in Figure
2(a); Figure 2(c) is obtained by migrating the image-space encoded gathers. The
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Figure 1: The correct slowness model. The slowness model consists of a constant
background slowness (1/2000 s/m) and two 5% Gaussian anormalies.

image-space encoded areal source and receiver data are generated by simultaneously
modeling 100 randomlly encoded unfocused SODCIGs and 2 realizations are used for
the random sequence, therefore we end up with 20 image-space encoded areal gathers
(there are 1001 points in x). The kinematics of the result looks almost the same
as that in Figure 2(a). However, also notice the wavelet squeezing effect, and the
random noise in the background caused by the random phase encoding.

Figure 3 shows the image perturbations obtained by applying the forward to-
mographic operator T in different domains. For this example, we assume that we
know the correct slowness perturbation As, which is obtained by subtracting the
background slowness § from the correct slowness s. Figure 3(a) shows the image per-
turbation computed with the original 401 shot gathers, notice the relative 90 degree
phase rotation compared to the background image shown in Figure 2(a); Figure 3(b)
is the result obtained by using 61 data-space plane-wave encoded gathers, it is almost
identical to Figure 3(a); Figure 3(c) shows the result computed with 20 image-space
encoded gathers, the kinematics are also similar to those in Figure 3(a).

Figure 4 illustrates the predicted slowness perturbations by applying the adjoint
tomographic operator TV to the image perturbations obtained in Figure 3. For com-
parison, Figure 4(a) shows the correct slowness perturbation, i.e., As = s —; Figure
4(b) is the predicted slowness perturbation obtained in the original shot-profile do-
main using all 401 shot gathers; Figure 4(c) is the result obtained using all 61 data-
space plane-wave encoded gathers, it is almost identical to Figure 4(b); Figure 4(d)
shows the result obtained using all 20 image-space encoded gathers, which is also
similar to Figure 4(b). However, note that Figure 4(d) shows slightly less focused
result than Figure 4(b), the reason for this is effect of the unwanted crosstalk

SEP-136



12

041

[w|xy

o0o¥%1T 000t

oo8T

~4000 -2000 0 2000 4000
s[m]

o4t

[w|xy

000T1

[z
oo¥T

oo8T

-4000 -2000 0 2000 4000

oLt

[ |xy

000T1

[z
oo¥T

o008t

-4000 -2000 0 2000 4000
xim

Figure 2: Migrated image cubes with a constant background slowness (5 = 2000 s/m).
Panel (a) is the result obtained in the original shot-profile domain; Panel (b) is the
result obtained by migrating 61 plane waves, while panel (c) is obtained by migrating
40 image-space encoded areal gathers.
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Figure 3: The image perturbations obtained by applying of the forward tomographic
operator T on the correct slowness perturbations in different domains. Panel (a)
shows the image perturbation obtained using the original shot gathers, while pan-
els (b) and (c) are obtained using the data-space encoded gathers and image-space

encoded gathers, respectively.
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Figure 4: The slowness perturbation obtained by applying of the adjoint tomographic
operator T/ on the image perturbations in Figure 3. Panel (a) shows the correct
slowness perturbation which is obtained by taking the difference between the correct
slowess s and the background slowness s; Panel (b) shows the estimated slowness

perturbation by back-projecting the image perturbation shown in Figure 3
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APPENDIX A

This appendix derives the perturbed one-way wave equation with respect to the slow-
ness.

APPENDIX B

This appendix demonstrates a matrix representation of the forward tomographic op-
erator T

Dz+Az - Ez(sz>ADz> (B_1>

where

Ez(sz) — e*ikz(SZ)Az _ eii\/m (B_2>

The perturbed source wavefield at some depth level can be derived from the back-
ground wavefield by a simple application of the chain rule to equation B-1:

~

AD, an, =E.(s,)AD, + AE.(s,)D,, (B-3)

where IA)Z is the background source wavefield and AE, represents the perturbed
extrapolator, it can be obtained by a formal linearization with respect to slowness of
the extrapolator defined in equation B-2
) As,
S,=S,

) As, (B-4)

dk,
ds,

Ez(Sz) _ efzk:z(sz)Az ~ eszzk:z + eszzkz <—ZAZ

- B+ B (i

where /k?z = k.(S.). So the perturbed extrapolator reads

AE.() - B (-ia:
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Substitute equation B-5 into B-3, we get
dk,

Sz

AD, 4, = E,(5.)AD, + E.(8.) (—zAz

) D.As., (B-6)

S,=S,

Let us define a scattering operator G, that interacts with the background wavefield
as follows:

o . dk. L iwAr
G.(D..3.) = (—ZAZ ) D= “2° P, (B-7)
Sz s:=8; 1 — %

z

Then the perturbed source wavefield for depth level z+ Az can be rewritten as follows:
AD. a. = E.(5.)AD, + E.(5.)G.(D.,8.)As.. (B-8)

We can further write out the recursive equation B-8 for all depth levels in the following
matrix form:

AD 0 o 0 o AD
AD, Ehp 0 O 0 0 AD;
AD, _ o E; O 0 0 AD,
ab, 6 o o - m. o)\ ap,
0 o o 0 0 Gy O o - o0 Asg
Eop O O 0 0 o G, 0 --- 0 As,
o E; O 0 0 0 0 Gy, --- O Aso
SR .o S :
0 o 0 - E,_ ;1 O 0 0 0O .- Gn As,
Or in a more compact notation
AD = E(5)AD + E(5)G(D,8)As. (B-9)
The solution of equation B-9 can be formally written as follows:
AD = (1 - ES)) 'E(S)G(D,3)As. (B-10)

Similarly, the perturbed receiver wavefield satisfy the following recursive relation:
AU, A, = E.(8,)AU, — E.(5.)G.(U.,5.)As., (B-11)

where Gz(ﬁz,gz) is the scattering operator interacts with the background receiver
wavefield as follows:

N N —iwAs ~
G.(U..35.) = (—@Az d ) U= _“2° 0. (B-12)
dSZ s:=8, 1— |1;L22

We can further write out the recursive equation B-12 for all depth levels in the
following matrix form:

AU 0 o o 0 0 AU

AU, Egp O O 0 0 AU,

AU, o E; O 0 0 AU,

AU, 0 o o E,_1 O AU,
0 o o 0 0 Gy O o - o0 Asg
Eh O O 0 0 o G, 0 - 0 As,
o E; O 0 0 o 0 Gy --- 0O Asy

0 .

0 o o E,_1 O 0 0 0 G As,
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Or in a more compact notation
AU = E(8)AU + E(5)G(U,3)As. (B-13)
The solution of equation B-13 can be formally written as follows:

AU = (1 - E38)) 'EB)G(U,3)As. (B-14)

Therefore, the perturbed image can be obtained as follows:

Al Go o o 0 ADg Do 0 o 0 AUy
Al (o] U, 0 (o] AD; (o] D, 0 (o] AU,
Al _ 0 o Uy - 5} AD; n 0 o D, o AU,
ar, o o o .. O, AD, o o o .. B, au,
Or in a more compact notation
Al = diag (U) AD + diag (D) AU. (B-15)

After substituting equations B-10 and B-14 into equation B-15
Al = (diag (ﬁ) (1-E@B) 'EGGD,3) +
diag (ﬁ) (1-E@E)™" E(§)G(ﬂ',§)) As, (B-16)

we finally get the following matrix representation of the forward tomographic operator
T:

~

T = diag (ﬁ) (1-E@E) "EG)G(D,s) +

~

diag (ﬁ) (1-E®) 'EG)G(U,3) (B-17)

APPENDIX C

This appendix demonstrates a matrix representation of the adjoint tomographic op-
erator T'. Since the slowness perturbation As is linearly related to the perturbed
wavefields, AD and AU, to obtain the back-projected slowness perturbation, we first
need to get the back-projected perturbed wavefields from the perturbed image AI.
From equation B-15, the back-projected perturbed source and receiver wavefields are
obtained as follows:

AD = diag (ﬁ) AI (C-1)
and
AU = diag (13) AI (C-2)
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Then the adjoint equations of equations B-10 and B-14 are used to get the back-
projected slowness perturbation As. Let us first look at the adjoint equation of
equation B-10

Asp = G/(D,S)E'(S) (1 - E(8)) ' AD (C-3)
We define a temporary wavefield APp that satisfies the following equation:
AP, =E'(S)(1-E(8) 'AD (C-4)
After some simple algebra, the above equation can be rewritten as follows
APp = E'(S)APp + E'(S)AD (C-5)

Substitute equation C-1 into equation C-5, we get:
AP, = E'(8)AP), + E'(8)diag (fj) Al (C-6)

Therefore, APp can be obtained by recursively upward continuation, where AD =

diag (ﬁ) Al serves as the boundary condition. The back-projected slowness pertur-

bation from the perturbed source wavefield is then obtained by applying the ajoint
of the scattering operator G(D,s) to the wavefield APp

Asp = G'(D,3)AP), (C-7)

Similarly, the adjoint equation of equation B-14 reads
Asy = G’(ﬁ,§)E(§)’ (1-— E(/s\)’)_1 AU (C-8)
We can also define a temporary wavefield AP, that satisfies the following equation
AP, =EGB) (1-E@B)) 'AU (C-9)
After rewriting it, we get the following recursive form
APy = E(S)APy + E(S)AU
— E(R)APy + ES)diag (ﬁ) AL (C-10)

And the back-projected slowness perturbation from the perturbed receiver wavefield
is then obtained by applying the adjoint of the scattering operator G(U,s) to the
wavefield APy

Asy = G/(U,3) APy (C-11)

The total back-projected slowness perturbation is obtained by adding Asp and Asy;
together

As = Asp + Asy. (C-12)
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