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Abstract. Calculationof time-distancecurvesin helioseismologycan be formulatedas a
blind-decorolution(or systemdentification)problem A classicakolutionin one-dimersional
spaceds Kolmogora/'s Fourierdomainspectral-&ctorizationmethod.The helical coordinate
systenmapstwo-dimensionso one.Likewiseathree-dimensionalolumeis representablas
aconcatenatiof mary one-dimensionasignals.Thusconcatenating cubeof helioseismic
datainto a very long 1-D signaland applying Kolmogora's factorization,we find we can
constructthe three-dimensionatausalimpulseresponsenf the sunby deconcatenatinghe
Kolmogorw result.

Time-distanceurvescalculatedn thisway have the samespatialandtemporabandwidth
astheoriginaldata ratherthanthedecreasetandwidthobtainedbtainedy cross-correlating
traces Additionally, thespectrafactorizationmpulseresponsés minimumphaseasopposed
to the zerophasdime-distanceurvesproducedy cross-correlation.
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1. Introduction

Time-distancehelioseismologyis basedupon cross-correlatingpscillatory
dopplegramtracesrom differentlocationson the surfaceof the sun(Duvall
etal., 1993).This allows helioseismologist$o studyacousticwavestravel-
ing betweenthe tracelocations,facilitating a family of techniqueghat are
proving very successfufor studyinga rangeof solarphenomenat a large
rangeof scales.For example,time-distancemeasurementsan be usedto
estimateboth nearsurfaceflow velocitiesassociatedvith supergranulation
(e.g.Koswrichey andDuvall, 1997),and meridionalcirculationdeepwithin
thecorvective zone(Gilesetal., 1997).

The processof picking traveltimesfrom time-distancecurvesis a critical
elementof thesestudies.Both signal-to-noisdevels and signal bandwidth
canlimit theresolutionof traveltimepicks.Unfortunatelyhowever, thecross-
correlationprocesseduceghespatialandtemporabandwidthof thedata by
essentiallysquaringthe (w, ky, ky) amplitudespectrum.

One-dimensionaspectrafactorizationalgorithmsarecommonlyusedin
signalprocessin@pplicationsWe extendtheconcepof spectrafactorization
to threedimensionsandproducea three-dimensionahinimum phasetime-
distancampulseresponseavith the samespectraasthe original data.
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2. Spectral factorization

Underan assumptiorof translationainvariance we canmodelthe acoustic
oscillation recordedin solar dopplegramsas a sourcefunction convolved
with animpulseresponseAfter a three-dimensiondrourier transform,the
convolution becomes simplemultiplication:

D (ky, kya w) = S(Ky, ky’ )G (ky, ky, w), (1)

whereD is theobseneddata,Sis the sourcefunction,andG is theimpulse
responseWe areinterestedn thethree-dimensionaime-spacecoustidm-
pulseresponseg(x, Y, t). As it standshowever, equation(1) hasmary more
unknavnsthanknowns,soadditionalassumptionarerequiredoeforewe can
estimateG.

Secondlyweassumes(x, vy, t) is whitein spaceandtime, or equivalently,
SS = 1, where S denotesthe complex conjugateof S. If this is not true
in practice spectralcolor from the sourcefunctionwill leakinto the derived
impulseresponsdJnderthisassunption,equation (1) reducestothestaemern
thatthe power spectrumof the impulseresponseequalsthe power spectrum
of thedata,

IDI? = |G[>. (2)
While defining the amplitudespectrumof G, this equationplacesno con-
straintson its phase,and so we needan additionalassumptiorto ensurea
uniquesolution.Withoutjustification,we will assumes is aminimumphase
function,wherea minimum phasefunctionis defineda causalfunction with
acausakorvolutionalinverse.

If this modelholdstrue,thenestimatingthe impulseresponseeducego
estimatinga minimum-phasdunctionwith the same(w, k, ky) spectrumas
theoriginal data:or equivalently multi-dimensionakpectrafactorization.

2.1. KOLMOGOROV REVIEW

Kolmogorw (1939)spectralfactorizationprovidesa highly efficient Fourier
methodfor calculatinga minimum phasetime domainfunctionwith a given
power spectrum.

Following Claerbout(1992),we will describethe methodbriefly with Z
transformnotation.In this notation,Z = €2t is the unit delay operator
andfunctionscanbeevaluatecdeitherin thefrequeng domainasfunctionsof
w, or in the time domainasthe coeficientsof the polynomialin Z. Causal
functionscan,therefore bewritten aspolynomialswith non-ngative powers
of Z, whereasanti-causafunctionscontainnon-positve powersof Z.

The spectralfactorizationproblemcanbe summarizedas given a power
spectrumS(Z), we mustfind aminimumphasegunctionsuchthat

B(1/Z2)B(Z) = S(Z). (3)
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Spectrafactorization 3

Since S(Z) is a power spectrumiit is non-ngative by definition for all
w; however, the Kolmogorw processhasthe additionalrequirementhat it
containsno zeros|If thisis the case thenwe cansafelytake its logarithm,

U((w) =In[S(w)]. (4)

SinceU (w) is realandeven,its time domainrepresentatiotis alsoreal and
even.We canthereforeisolateits causalpart, C(Z), andits anti-causapart,
C(1/2): )

U)=C1/2)+C(2). (5)

Oncewe have C(Z), we caneasilyobtainB(Z) through
B(w) = €. (6)

To verify that B(Z) of this form doesindeedsatisfyequation(3), consider

B(1/Z)B(Z) = ecWDel@ @)
— eC(l/Z)+C(Z) (8)
= /@ (9)
= S(2). (10)

B(Z) will becausakinceC(Z) wascausalanda power seriesexpansion
provesthatthe exponentialof a causafunctionis alsocausallt is alsoclear
that 1/B(Z) = e ¢@ will alsobe causalin the time domain. Therefore,
B(Z) will becausalandwill have acausainverse HenceB(Z2) satisfieghe
definitionof minimumphasegivenabove.

2.2. MULTI-DIMENSIONAL FACTORIZATION

Kolmogora spectrafactoriation,asdesribedabow,isapurely one-dmersional
theory Therealcontrikution of thispapelis tolink theone-dimensionaheory
to thethree-dimensionakorld. We dothis by applyinghelicalboundarycon-
ditions(Claerbout1998)to mapathree-dimensionatochasti@opplegram
into an equialent one-dimensionatiatasetand factorizingthe entire cube
with Kolmogora.

The conceptof helical boundaryconditionsis demonstratedh Figurel,
which shavs the mappingof smallfive-pointtwo-dimensionafilter into one
dimensionForthespectrafactaizationapplication, however, ratherthanmap
atwo-dimensionalunction,wemaptheentirethree-dimensionaiDI dataset
intoonedimensionandapplyKolmogorw spectrafactorizatiorontheentire
supestrace.

Thereforewe performthe spectrafactorizationn threestepsFirstly, we
transformthe cubeof datato an equvalentone-dimensionasupertracevia
helicalboundaryconditions.Secondlywe performone-dimensionadpectral
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Figure 1. lllustrationof helicalboundaryconditionsmappinga two-dimensionafunction(a)
ontoahelix (b), andthenunwrappinghehelix (c) into anequivalentone-dimensionglinction
(d). (Figureby Segey Fomel).

factorizatiorwith Kolmogorovsfrequency domainmethal. Findly, weremap
theimpulseresponsdackto three-dimensionadpace.

The spatialaxes heedto be paddedto reducewrap-aroundeffects. This
spatialwrap-arounds not an artifact of the Fourier transform,but ratherit
is an artifact of the helicalboundaryconditions.In this respecttherewould
belittle advantageto choosingatime-domairspectrafactorizatioralgorithm
(e.g.Wilson, 1969)over Kolmogora.

2.3. THEORETICAL COMPARISON BETWEEN TIME-DISTANCE
FUNCTIONS

The Kolmogorw impulseresponseés essentiallya large impulseat zerolag
(in time andspace)with asmallamplitudesignalcorrespondingo thediving
waves.Both componentsreband-limited,sowe canwrite

B(Z)=W(Z)[1+€F(2)], (11)

whereF (2) is the causalffunction of interest,e is simply a scalarindicating
thesmallamplitudeof thatterm,andW(2Z) is aminimumphaseband-limited
seismicwavelet.

Thecross-correlatioprocessproducestheauto-comelation of equation(11):

BB =WW|[1+¢€F +¢F +€°FF]. (12)

Thisfunctioncontains F, thefunctionwe areinterestedn studying;however
therearetwo majordifferences.
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Firstly, BB alsocontaingheadditiona termse F ande?F F. Wecandiscard
thefirst of theseterms ¢ F sinceit is anti-causalandthesecondermcontains
€2 sowill bemuchsmallerthanthe signalof interest.

The seconddifferencebetweenequations(11) and (12) is the wavelet.
The Kolmogoro waveletis minimum phase whereagshe cross-correlation
waveletWW is zero-phaseThe amplitudespectrunof the cross-correlation
waveletwill alsobethe squareof the Kolmogora wavelet.

Thus the principle adwvantageof the Kolmogorw resultis thatit hasa
broadetbandwidththanthecross-correlatiolWhereasheKolmogorao result
hasthe sameamplitudespectrurmastheoriginal data theamplitudespectrum
of the cross-correlatiommpulseresponses equalto the power spectrumof
theoriginal data.

2.4. ON THE ASSUMPTION OF TRANSLATIONAL INVARIANCE

Thejustificationfor spectraffactorizationrestsuponanassumptiorof trans-
lational invariance.This assumptiorruns counterto mary applicationsof
time-distancénelioseismologywheretheinterestcomesn three-dimensional
structure.The assumptiorof translationinvariancemay be partly overcome
by working with patchesf datawith smallspatialextent.

Time-distancaneasurementby cross-correlatiommay not seemto have
this perceved disadwantage;however, studies(e.g. Kosovichey and Duvall,
1997)haveshavnthatsignficantamauntsof averagng arerequiredto produce
signal-to-noisdevels high enoughto male reliable measurements.hereis
animplied assumptiorof invariancein this averagingprocedure.

3. Application to SOHO/MDI dataset

Figure 2 shavs a time slice througha cubeof raw velocity datafrom the

MDI instrument.The datahasbeentransformedo Cartesiarcoordinatesdy

projectinghigh-resolutiordatafrom anareaapproximatelyl8 squareontoa

tangenplane.Theobjectin thecenterof thetime-slice(top of cube)is asun-

spot. The samplingspacingis 1 minute on the time-axisandapproximately
825km onthetwo spatialaxes.

Time-variablefeaturesof Figure2 fall into two distinctspectrawindows.
Thelow temporafrequeng eventy(<1.5mHz)arerelatedto solarcorvection,
whilethehigherfrequencyevensarerelated to acaigic wave propagaton. We
wereinterestedn studyingacoustiovave phenomenasoasa preprocessing
step,we removed the lower frequeng spectralwindow by applyinga %
low-cutfilter to the data.
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Figure 2. Cubeof raw datafrom MDI instrumentThe objectin the centeris a sun-spot.

3.1. TIME-DISTANCE FUNCTIONS COMPARED

Figure 3 shavs a comparisonbetweenthe impulse responsalerived from
Kolmogora spectrafactorizationandtheimpulseresponselerivedby cross-
correlation.

Theraw MDI datahasanarrav temporabandwidthwith mostof its enegy
havingaperiodof about fiveminutes squaingtheamgitudespedrumreduces
this bandwidtheven moreresultingin the monochromati@ppearancef the
left panelin Figure3. Moreover, it is not justthe temporalbandwidththatis
decreasedly cross-correlatingraces;but the spatialbandwidthis reducedas
well. The steepdips associatedavith the f- andlow-n p modesareclearly
visible neartheoriginin theright panelof Figure3 areveryheaily attenuated
in thecross-correlatioimpulseresponséleft panel).

This differencein spatialbandwidthcanbe alsobe seenin the amplitude
spectraof Figure4. Theamplitudeof f- andlow-n p modesaremuchlower
in theauto-correlatiomesultthanin the Kolmogorw result.

Whereas the temporalbandwidthmay be broadenedelatively simply
by corventionaldecowolution, recorering the full spatialbandwidththatis
presenin theoriginal datawould be moredifficult.
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Figure 3. Time-distance impulse responses computed by (a) three-dimensional
auto-correlation,and (b) three-dimensionalKolmogorw spectral factorization. Traces
have beenbinnedasa function of radiusfrom impulse.

1/[distance (Mm)] 1/[distance (Mm)]
-0.8 -0.4 0 0.4 0.8 -0.8 -0.4 0 0.4 0.8
\ \ \ \ \ \ \ \ \ \

= ®

-2 N

o o
< <
=M =M
3 3
o B
= =
2o Lo

201 2o

o o

(a) (b)

Figure 4. Two-dimensionahmplitudespectreof impulseresponseshavn in Figure3 above.
The impulse responsesvere computedby (a) three-dimensionahuto-correlationand (b)
three-dimensiond olmogorw spectrafactorization.
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4, Conclusions

Underassumption®f translationainvariance,a white sourcefunction,and
a minimum-phasa@mpulseresponsewe have shavn that estimationof the
suns acoustidime-distancempulseresponseamountgo multi-dimensional
spectrafactorization.

Weperformedhespectrafactorizatiorby transforminghecubeof acous-
tic oscillationsinto a one-dimensionakupertrace which we could factor
efficiently with Kolmogora/'s frequeny domainmethod.

We have shavn that time-distancecurves obtainedby spectralfactoriza-
tion have a broadertemporaland spatialbandwidththan equivalent curves
calculatedby cross-correlation.

Acknowledgements

Theauthorswould like to thankSash&osoricher andTom Duvall for intro-
ducingusto theworld of helioseismology

References

Claerbout,J. F.: 1992, Earth Soundings Analysis: Processing Versus Inversion. Blackwell
Sciencenc.

Claerbout,J. F.: 1998,‘Multidimensionalrecursve filters via a helix’. Geophysics 63, 1532—
1541.

Duvall, T. L., S. M. Jeferies, J. W. Harwey, and M. A. Pomerantz:1993, ‘Time-distance
helioseismology’ Nature 362, 430—432.

Giles,P. M., T. L. Duvall, andP. H. Scherrer1997,'A subsuriceflow of materialfrom the
suns equatotto its poles’. Nature 390, 52.

Kolmogora, A. N.: 1939,'Surl'interpolationetl'extrapolationdessuitesstationnairres'C.R.
Acad.Sci. 208, 2043-2045

Kosarichev, A. G.andT. L. Duvall: 1997,'Acoustictomographyof solarcorvective flowsand
structures’.In: F. PijpersandC. Rosentha(eds.):Solar Convection and Oscillations and
their Relationship. p. 241.

Wilson,G.: 1969, Factorizatiorof thecovariancegeneratingunctionof apuremoving average
function’. SAM J. Numer. Anal. 6(1), 1-7.

paper.tex; 9/11/1999; 16:30; p.8



