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Abstract. Calculationof time-distancecurves in helioseismologycan be formulatedas a
blind-deconvolution(orsystemidentification)problem.A classicalsolutionin one-dimensional
spaceis Kolmogorov’s Fourierdomainspectral-factorizationmethod.Thehelicalcoordinate
systemmapstwo-dimensionsto one.Likewiseathree-dimensionalvolumeis representableas
a concatenationof many one-dimensionalsignals.Thusconcatenatinga cubeof helioseismic
datainto a very long 1-D signalandapplyingKolmogorov’s factorization,we find we can
constructthe three-dimensionalcausalimpulseresponseof the sun by deconcatenatingthe
Kolmogorov result.

Time-distancecurvescalculatedin thiswayhavethesamespatialandtemporalbandwidth
astheoriginaldata,ratherthanthedecreasedbandwidthobtainedobtainedbycross-correlating
traces.Additionally, thespectralfactorizationimpulseresponseis minimumphase,asopposed
to thezerophasetime-distancecurvesproducedby cross-correlation.
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1. Introduction

Time-distancehelioseismologyis basedupon cross-correlatingoscillatory
dopplergramtracesfrom differentlocationson thesurfaceof thesun(Duvall
et al., 1993).This allows helioseismologiststo studyacousticwavestravel-
ing betweenthe tracelocations,facilitating a family of techniquesthat are
proving very successfulfor studyinga rangeof solarphenomenaat a large
rangeof scales.For example,time-distancemeasurementscan be usedto
estimateboth nearsurfaceflow velocitiesassociatedwith super-granulation
(e.g.Kosovichev andDuvall, 1997),andmeridionalcirculationdeepwithin
theconvective zone(Gilesetal., 1997).

Theprocessof picking traveltimesfrom time-distancecurvesis a critical
elementof thesestudies.Both signal-to-noiselevels and signal bandwidth
canlimit theresolutionof traveltimepicks.Unfortunately, however, thecross-
correlationprocessreducesthespatialandtemporalbandwidthof thedata,by
essentiallysquaringthe

�����
kx
�
ky � amplitudespectrum.

One-dimensionalspectralfactorizationalgorithmsarecommonlyusedin
signalprocessingapplications.Weextendtheconceptof spectralfactorization
to threedimensions,andproducea three-dimensionalminimumphasetime-
distanceimpulseresponsewith thesamespectraastheoriginaldata.
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2. Spectral factorization

Underanassumptionof translationalinvariance,we canmodeltheacoustic
oscillation recordedin solar dopplergramsas a sourcefunction convolved
with an impulseresponse.After a three-dimensionalFourier transform,the
convolution becomesasimplemultiplication:

D
�
kx
�
ky
��� �	� S

�
kx
�
ky
��� � G � kx

�
ky
��� � � (1)

whereD is theobserveddata,S is thesourcefunction,andG is theimpulse
response.Weareinterestedin thethree-dimensionaltime-spaceacousticim-
pulseresponse,g

�
x
�
y
�
t � . As it stands,however, equation(1) hasmany more

unknownsthanknowns,soadditionalassumptionsarerequiredbeforewecan
estimateG.

Secondly, weassumes
�
x
�
y
�
t � is white in spaceandtime,or equivalently,

S 
S � 1, where 
S denotesthe complex conjugateof S. If this is not true
in practice,spectralcolor from thesourcefunctionwill leakinto thederived
impulseresponse.Underthisassumption,equation(1) reducestothestatement
that thepower spectrumof the impulseresponseequalsthepower spectrum
of thedata, �

D
�
2 �
�
G
�
2 � (2)

While defining the amplitudespectrumof G, this equationplacesno con-
straintson its phase,andso we needan additionalassumptionto ensurea
uniquesolution.Without justification,wewill assumeG is aminimumphase
function,wherea minimumphasefunctionis defineda causalfunctionwith
acausalconvolutional inverse.

If this modelholdstrue,thenestimatingthe impulseresponsereducesto
estimatinga minimum-phasefunctionwith thesame( 
 � kx

�
ky) spectrumas

theoriginal data:or equivalently, multi-dimensionalspectralfactorization.

2.1. KOLMOGOROV REVIEW

Kolmogorov (1939)spectralfactorizationprovidesa highly efficient Fourier
methodfor calculatinga minimumphasetime domainfunctionwith a given
powerspectrum.

Following Claerbout(1992),we will describethemethodbriefly with Z
transformnotation.In this notation, Z � ei ��� t is the unit delay operator,
andfunctionscanbeevaluatedeitherin thefrequency domainasfunctionsof�

, or in the time domainasthe coefficientsof thepolynomial in Z . Causal
functionscan,therefore,bewrittenaspolynomialswith non-negative powers
of Z , whereasanti-causalfunctionscontainnon-positive powersof Z .

The spectralfactorizationproblemcanbe summarizedasgiven a power
spectrum,S

�
Z � , wemustfind aminimumphasefunctionsuchthat


B � 1� Z � B � Z ��� S
�
Z � � (3)
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SinceS
�
Z � is a power spectrum,it is non-negative by definition for all�

; however, the Kolmogorov processhasthe additionalrequirementthat it
containsno zeros.If this is thecase,thenwe cansafelytake its logarithm,

U
��� ��� ln [S

��� � ] � (4)

SinceU
��� � is realandeven, its time domainrepresentationis alsorealand

even.We canthereforeisolateits causalpart,C
�
Z � , andits anti-causalpart,


C � 1� Z � :
U
�
Z �	� 
C � 1� Z ��� C

�
Z � � (5)

Oncewe have C
�
Z � , we caneasilyobtainB

�
Z � through

B
��� ��� eC ����� � (6)

To verify that B
�
Z � of this form doesindeedsatisfyequation(3), consider


B � 1� Z � B � Z ��� e �C � 1� Z � eC � Z � (7)

� e �C � 1� Z ��� C � Z � (8)

� eU � Z � (9)

� S
�
Z � � (10)

B
�
Z � will becausalsinceC

�
Z � wascausal,andapower seriesexpansion

provesthat theexponentialof a causalfunctionis alsocausal.It is alsoclear
that 1� B � Z ��� e � C � Z � will also be causalin the time domain.Therefore,
B
�
Z � will becausal,andwill have acausalinverse.HenceB

�
Z � satisfiesthe

definitionof minimumphasegivenabove.

2.2. MULTI-DIMENSIONAL FACTORIZATION

Kolmogorovspectralfactorization,asdescribedabove,isapurelyone-dimensional
theory. Therealcontributionof thispaperis to link theone-dimensionaltheory
to thethree-dimensionalworld.Wedothisby applyinghelicalboundarycon-
ditions(Claerbout,1998)to mapathree-dimensionalstochasticdopplergram
into an equivalent one-dimensionaldataset,and factorizingthe entirecube
with Kolmogorov.

Theconceptof helical boundaryconditionsis demonstratedin Figure1,
whichshows themappingof smallfive-pointtwo-dimensionalfilter into one
dimension.Forthespectralfactorizationapplication,however, ratherthanmap
atwo-dimensionalfunction,wemaptheentirethree-dimensionalMDI dataset
intoonedimension,andapplyKolmogorov spectralfactorizationontheentire
super-trace.

Therefore,we performthespectralfactorizationin threesteps.Firstly, we
transformthecubeof datato anequivalentone-dimensionalsuper-tracevia
helicalboundaryconditions.Secondly, we performone-dimensionalspectral
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Figure 1. Illustrationof helicalboundaryconditionsmappinga two-dimensionalfunction(a)
ontoahelix (b),andthenunwrappingthehelix (c) into anequivalentone-dimensionalfunction
(d). (Figureby Sergey Fomel).

factorizationwith Kolmogorov’sfrequency domainmethod.Finally,weremap
theimpulseresponsebackto three-dimensionalspace.

The spatialaxesneedto be paddedto reducewrap-aroundeffects.This
spatialwrap-aroundis not an artifact of the Fourier transform,but ratherit
is anartifact of thehelicalboundaryconditions.In this respect,therewould
belittle advantageto choosingatime-domainspectralfactorizationalgorithm
(e.g.Wilson,1969)over Kolmogorov.

2.3. THEORETICAL COMPARISON BETWEEN TIME-DISTANCE

FUNCTIONS

TheKolmogorov impulseresponseis essentiallya large impulseat zerolag
(in timeandspace)with asmallamplitudesignalcorrespondingto thediving
waves.Both componentsareband-limited,sowe canwrite

B
�
Z ��� W

�
Z � [1 ��� F � Z � ] � (11)

whereF
�
Z � is thecausalfunctionof interest,� is simply a scalarindicating

thesmallamplitudeof thatterm,andW
�
Z � is aminimumphaseband-limited

seismicwavelet.
Thecross-correlationprocessproducestheauto-correlationof equation(11):


B B � 
W W 1 � � F ��� 
F � � 2 
F F � (12)

Thisfunctioncontains� F , thefunctionweareinterestedin studying;however
therearetwo majordifferences.
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Firstly, 
B B alsocontainstheadditional terms� 
F and� 2 
F F .Wecandiscard
thefirst of theseterms,� 
F sinceit is anti-causal,andthesecondtermcontains
� 2 sowill bemuchsmallerthanthesignalof interest.

The seconddifferencebetweenequations(11) and (12) is the wavelet.
The Kolmogorov wavelet is minimum phase,whereasthe cross-correlation
wavelet 
W W is zero-phase.Theamplitudespectrumof thecross-correlation
waveletwill alsobethesquareof theKolmogorov wavelet.

Thus the principle advantageof the Kolmogorov result is that it hasa
broaderbandwidththanthecross-correlation.WhereastheKolmogorov result
hasthesameamplitudespectrumastheoriginaldata,theamplitudespectrum
of thecross-correlationimpulseresponseis equalto the power spectrumof
theoriginal data.

2.4. ON THE ASSUMPTION OF TRANSLATIONAL INVARIANCE

Thejustificationfor spectralfactorizationrestsuponanassumptionof trans-
lational invariance.This assumptionruns counterto many applicationsof
time-distancehelioseismology, wheretheinterestcomesin three-dimensional
structure.The assumptionof translationinvariancemay be partly overcome
by workingwith patchesof datawith smallspatialextent.

Time-distancemeasurementsby cross-correlationmay not seemto have
this perceived disadvantage;however, studies(e.g.Kosovichev andDuvall,
1997)haveshownthatsignificant amountsof averagingarerequiredtoproduce
signal-to-noiselevels high enoughto make reliablemeasurements.Thereis
animplied assumptionof invariancein thisaveragingprocedure.

3. Application to SOHO/MDI dataset

Figure 2 shows a time slice througha cubeof raw velocity datafrom the
MDI instrument.Thedatahasbeentransformedto Cartesiancoordinatesby
projectinghigh-resolutiondatafrom anareaapproximately18! squareontoa
tangentplane.Theobjectin thecenterof thetime-slice(topof cube)is asun-
spot.Thesamplingspacingis 1 minuteon the time-axisandapproximately
825km on thetwo spatialaxes.

Time-variablefeaturesof Figure2 fall into two distinctspectralwindows.
Thelow temporalfrequency events( " 1.5mHz)arerelatedtosolarconvection,
whilethehigherfrequencyeventsarerelatedtoacoustic wavepropagation. We
wereinterestedin studyingacousticwave phenomena;soasa preprocessing
step,we removed the lower frequency spectralwindow by applyinga 1� Z

1�$# Z
low-cut filter to thedata.
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Figure 2. Cubeof raw datafrom MDI instrument.Theobjectin thecenteris a sun-spot.

3.1. TIME-DISTANCE FUNCTIONS COMPARED

Figure 3 shows a comparisonbetweenthe impulseresponsederived from
Kolmogorov spectralfactorization,andtheimpulseresponsederivedbycross-
correlation.

Theraw MDI datahasanarrow temporalbandwidthwith mostof itsenergy
havingaperiodof about fiveminutes: squaringtheamplitudespectrumreduces
this bandwidthevenmoreresultingin themonochromaticappearanceof the
left panelin Figure3. Moreover, it is not just thetemporalbandwidththat is
decreasedby cross-correlatingtraces;but thespatialbandwidthis reducedas
well. The steepdips associatedwith the f - andlow-n p modesareclearly
visibleneartheorigin in therightpanelof Figure3areveryheavily attenuated
in thecross-correlationimpulseresponse(left panel).

This differencein spatialbandwidthcanbealsobeseenin theamplitude
spectraof Figure4. Theamplitudeof f - andlow-n p modesaremuchlower
in theauto-correlationresultthanin theKolmogorov result.

Whereas,the temporalbandwidthmay be broadenedrelatively simply
by conventionaldeconvolution, recovering the full spatialbandwidththat is
presentin theoriginal datawouldbemoredifficult.
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Figure 3. Time-distance impulse responses computed by (a) three-dimensional
auto-correlation,and (b) three-dimensionalKolmogorov spectral factorization. Traces
have beenbinnedasa functionof radiusfrom impulse.

Figure 4. Two-dimensionalamplitudespectraof impulseresponsesshown in Figure3 above.
The impulse responseswere computedby (a) three-dimensionalauto-correlation,and (b)
three-dimensionalKolmogorov spectralfactorization.
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4. Conclusions

Underassumptionsof translationalinvariance,a white sourcefunction,and
a minimum-phaseimpulseresponse,we have shown that estimationof the
sun’s acoustictime-distanceimpulseresponseamountsto multi-dimensional
spectralfactorization.

Weperformedthespectralfactorizationby transformingthecubeof acous-
tic oscillationsinto a one-dimensionalsuper-trace which we could factor
efficiently with Kolmogorov’s frequency domainmethod.

We have shown that time-distancecurvesobtainedby spectralfactoriza-
tion have a broadertemporalandspatialbandwidththanequivalent curves
calculatedby cross-correlation.
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