OCT 10, 2007

Analyzing this data, we see that BW is better than W B, but not in a dramatic way.
If we compare values at the ends of loops, we see that BW is about two loops ahead
of WB. Using this two loop difference, BW is behind to start with, but there is
almost identical results after 5 loops for BW versus 7 loops for W B. After that BW
gets closer to 3 loops ahead before they both converge.

Note that both algorithms have convergence close to linear for about 10 loops and
then shift to quadratic. We know that if roots are on the unit circle, we have linear
convergence. So we can interpret this change in convergence as due to the filters
acting as if the zeros were actually on the unit circle, but finally getting close enough
to them to see that they are not on the unit circle.

AUGUST 14, 2008
Theorem: Ratio of autocorrelations

Suppose B(z) and A(z) are physically realizable polynomials whose leading terms
(coefficients of 2°) are both unity and that A(z) is also a prediction error filter. Then
the zero lag term of B*(271)B(z2)/[A*(271)A(z)] is equal to or greater than unity. It
is equal to unity only if B(z) = A(z).

Proof:
B(2)/A(z) = 14+ 2! + ap2® + ...
and thus the zero lag term of

B (:")B(2)
=1
A*( A Z +ZO€1061

Equality can happen if and only if a;,, = 0 for n = 1 to oo, in which case B(z) =
A(z).
Q.E.D.

Burg-Wilson Algorithm continued

The basic equation of the algorithm is

sA*(z*_I)A(z) 1o Ar (7Y N A, q(2) )
XnAp (271 An(2) ALz ALR)

where X, is determined by making the zero lag value of the left most expression equal

to unity. Thus
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according to the theorem in Theorem: Ratio of autocorrelations, THUS, X, >
s AND X,, = s only if A4,,(2) = A(z). Once X, is found ,then A, 1(z) is determined
uniquely.

An earlier equation is

S x/ _— * — * — * _
T A GTAG) + AL ETDAR) = A (27D AR) + A ()AL B)
Dividing by A%, (z7')A,+1(2), we have
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Looking at the zero lag terms, and noting that zero lag of
sA*(z7HA(z) _ 1 (5)
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Note from Eq (1), if A,(2) # A(z), then A,11(2) # A.(z). But then Eq (4)
shows that A, 11(z) # A(z). Thus the iteration never stops.

If e =0, then A,(2) = An41(2), which leads to A(z) = A,(z) and X,, = s, our
solution. This is seen since the Z transforms of Eq (1) are just constants. If ¢ > 0,
then X, 11 < 0, which could happen only if our original ”autocorrelation” is not an
outocorrelation. Thus we have shown that X,, > X,,,; > s as long as the algorithm
continues. Thus X, is monotonically decreasing and bounded below by s. So X,
goes to some limit > s. But since s > 0, then X,,;/X,, has unity for its limit and
e — 0, and thus A, — A,1(2) — A(z) and X,, — s. So the algorithm converges if
we actually start with an autocorrelation. This is thue even if A(z) has zeros on the
unit circle. We now study the rate of convergence.



We start with the identity which is valid if A4, (z) # 0.
(AL () = A*TD][An(2) — A2)]

A5 (271 An(2)
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Adding this to Eq (1), we have

(A5 (7Y = A (D[A(2) — A(R)] _ ALz = AT

A (271 An(2) - An=7) ! (8)
An(2) = A(z) | A (27 A(2) (1- i) = second order
4G AEDAE X

Let
en(z) = An(2) — A(2)

be the nth error polynomial. Note that it has zero for its 2" coefficient.
ent1(2) = Apy1(z) — A(z)
also has no constant term, so

Ania(2) — A(2)
An(2)

also starts with z.

Looking at the zero lag terms, we have zero lag of

en(z7Den(2)
Ax (27 A (2)

n

X, s X, — s
=04+0+—(1——) =
T s( Xn) s

Thus the error in X,,(X,, — s) is a homogeneous quadratic function of ¢,(z) and
thus has quadratic convergence. But then

A AT Awn(z) —AR) _ ez | enn(?)

— 1 ?€n+1(z)
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An(2)

= real part

is also a homogeneous function of €,(z) and thus has quadratic convergence. 777

See (8).

Note: zero lag of (777 Missing equation)



Look at
ez enl(z) _ En(z7h) | Ea(2)

A )A(z) A | A(z)
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Notice that doing this is the Burg part of the basic Wilson-Burg algorithm. Since
e*(27Yen(2) is an autocorrelation, we see that the right hand side is also complex
conjugate symmetric. &(271)e,(2) is second order homogeneous in the sense that
every coefficient of €,(z) is multiplied by one of the coefficients of €% (z). Thus E,(z)
is also second order homogeneous in that each of its terms is a linear combination
of these €*(z71) and ,(z) coefficient product pairs. If e,(z) = 0, then E,(z) is also

identically zero and thus has no constant terms (or any order of the coefficients of
A*(z7h) A(z)
A;*L(Z*I)An(Z))'

en(z) except second order

We now note that

E.(z) X,—s enu1(2)
A, 25 AL

Thus X,, — s and €,41(2) are second order in €,(z) and thus the convergence is
quadratic.

Analyzing G. T. Wilson’s Ratnumu (D, A)

Let D,(z) be a complex conjugate symmetric z transform running from DY*z=N +

DY N+ DNV DR,

Let Aj(2) be a prediction error filter of degree M. This means that the 2% coeffi-
cient of this Mth degree polynomial is unity and that all of its reflection coefficients
have a magnitude less than unity, making A(z) to be minimum phase.

We wish to find a polynomial B(z) such that Dy (z) = Ay (2)B* (27 1)+ A%, (271 B(2).

This allows us to write

Now the left hand term is an infinity long complex conjugate symmetric z trans-
form that converges on the unit circle. Sharing in half, the real coefficient of z°, this
term can be split into positive time and negative time pieces. The positive half is
equal to B(z)/Ap(z). Since the positive half is unique, and multiplying through by
A, (z) is okay, we see that B(z) is unique.

What can we say about the degree of the polynomial B(z)? Let 0 < s < ocbe the
degree of Bg(z). Then



Dy(2) = An(2)Bs(27") + Ay (=) Bs(2)

M S

Z Xp2" + Z X 2"

n=—=S -M

Now if N > M then S = N and
if N < M then S = M and
HfN=Mthen0<s<N=M

In describing the algorithm, we assume N = M. This can be made true by
augmenting the shorter term with zeros. Let

An(2) = Ay 1(2) + Cu2" A% (271, and

By(2) = [En(2) — Coz"Ey(271)]/(1 = CuCy)
where FE,(z) = Bn 1(z) + Dﬁz”. Then D, (z) = An(2)Bi(z7Y) + A% (z7)B,(2) =
A 1 (2)Ex (7Y — A, 1(2)CrzE,(2) (777 Missing words).

Plus its complex conjugate transpose, all divided by (1 —C,C?). The linear terms
in C,, cancel and the other terms combine to give just

A (R)E (27 + AF (27 EW(2)
= A, 1(2)Bi (27 + A" (z7Y)Buoi(2) + 2 " Aua (2) D 4+ 2 AL (2D

n

Thus
Dy(z) = 2z7"A,_1(2) D) — Z"Afhl(z*l)Dz =D, 1(2)

= An1(2) By (271) + ALy (271) Baoa(2) = Dia (2)

This last equation has the reduced order of n—1. From this, we see how the algorithm
is designed.

Using the equations
An-1(2) = (An(2) = Cuz" AL (7)) /(1 = CuCy)

and
Dy 1(2) = Dp(2) — 2 "Au_1(2) D™ — 2" A% _ (2 1)D"

n

One obtains the numbers D7, D"}, ... DY Note that D is the center term of Dy (z),

n—1>
that is , the center term is not changed.

Then, starting with By(z) = D§/2, and using also [B,,_1(z) — C,2"B;:_,(z7!) —
C,D™ + 2"D" /(1 — CxyC%)

B,(2) = [En(2) — CnZnE:(Z_l)]/(l — C.CY)



where E,(z) = B,—1(z) + D!'2". For n = 1 to N, we finally find the By(z) that goes
with Ay(z).

Actually, for the complex case, B(z) is not unique since [see also above]

1

B*(z7) LBl BT B(z)
Ax(z7h)  A(z)  A*(2Y) A(z)
_ B*(z7Y) — aiA*(z7Y)  B(z) — aiA(2)

A*(271) A*(2)

— a1+ + an

Even if we start with By(z) = a real DJ/2 , the leading terms of B, (z) will not stay
real. However, we can make B, (z) unique by adding an aiA, (z) to it to remove the
imaginary part of the z° coefficient, that is , insisting that the z° coefficient be real,
we can wait until the algorithm gives a final By(z) to make the leading coefficient
real.

AUGUST 24,2009
THE NON-SYMMETRIC CASE

Suppose A(z) and B(z) are minimum phase polynomials and D(z) is a finite Z-
transform d~MZ—M =M+l z-M+1 4 qN=1ZN=1 1 qN ZN where the superscript
on the ds are labels and not power terms like they are on the ZS .Let S be the order
of A(z) and T be the order of B(z), and let K be the maximum value of M, N, S and
T . Let A(z) and B(z) be extended with zeros until they are of order K and D(z) be
extended on both ends with zeros until it starts with Z=% and ends with Z%. These
extensions simplify the following description of the algorithm to being order in both
directions, we shall derive the algorithm for the complex case.

We want to find polynomials E(z)and F(z) such that D(Z) = A(Z) x E*(Z71) +
B(Z7')x F(Z). Knowing E(z)and F(z), we can write

D(z) _FZ2)  E(Z7
A2)B(z7Y)  Az)  B1(Z7)

Which means that we have separated D(Z)/ [A(Z) x B*(Z~')] into time separated
terms.

Let A,(z) and B,(z) be nth order polynomials with leading coefficients of unity.
Starting with A,,(z) =1 and B, (z) = 1, we can use the recursions

An(2) = Aua(2) + an2" By (27

and
Bn(z) = Bp_1(2) + bp2" A1 (271)



where we have been given the complex numbers a]! and b for m = 1 to n. Again, the
superscripts are for labeling and are not power terms. Note that the leading terms of
the A,(z) and B,(z) are unity and their last terms are a’ and b respectively.

Starting with A, (z) and B, (z), the inverse recursion is
An-1(2) = [An(2) — an2"By(=71)]/(1 = apby”)
and

By1(2) = [Ba(2) = byz" AL (=] /(1 — ayby)

Our initial polynomials are Ag(z) and By(z) since we have made them kth order
even if they were shorter to begin with. Using the inverse algorithm, we find the
A,(z) and B,(z) for n =k to 1, which also gives us the a” and b” for n =k to 1.

We next consider the pair of equations

En(2) = [Gu(2) = Up2"Hy (27 )] /(1 — ayby)
Fo(2) = [Ha(2) — ap2"G (=7 1)]/ (1 = apb])”)

These equations are similar to an earlier pair, but this is not a recursion since all
polynomials are of nth order. However, there are inverse equations, also,

Gn(2) = En(2) + 022" Fr (271
H,(2) = Fo(2) +a"2z"EX (27

Now we have

Dy(2) = Au(2)E;(271) + B (271) Fa(2)
= [An-1(2) + an2" By (27 )[Gu(27") = b2 " H, (2)]
HBaoa(271) + 072 A, (2)][Ha(2) — anz"Gr(z7)]
divided by (1 — a”b*)
= A1 (2)Gr(z71) + By (271 Ha(2)
1(2)[ () + 27D
L ()[E, 1 (2) + 2" D
where we define
E, 1(2)=G,(2)+2"D,™
and
F,1(z)=H,(z)+2"D}
Defining D,,_1(z) as

Dy 1(2) = Dy(z) — 27 "A,_1(2)D,)" — z”B;;_l(z_l)D”



we have the reduction from n ton — 1 of

Dy1(2) = Ana(2) Ep_y(271) + By (27 ) Faca(2)

Note that E, 1(z), F,_1(z) and D,,_1(z) are indeed n — 1th order.

The reduction ends with Dy = Ej + Fp. It appears that any choice for Ej and Fj
satisfying this equation will do. Choose Fy = Dy/2 and Ey = Df/2.

Taking this start for £y and F{ and the D]'s, a)'s and b]'s, we use

Gn(z) = Ep1(2) + 2"D,™
H,(z) = F,1(2)+ 2"D,,

and then
En(2) = [Gn(2) = 0pz"Hyy(271)] /(1 — ap"by)

Fo(2) = [Hy(2) = apz"Gr(z7 )]/ (1 — agbyy")
until n = k.

The logical basis of the algorithm is as follow.

We are given two polynomials, A(z) and B(z) with their coefficients of 2° being
unity. This can be achieved by multiplying by 2" and normalization without chang-
ing the basis problem. Then as long as a!'b}* # 1, the polynomials can be reduced
to constants. Then, for a given D(z), the algorithm can reduce D(z) down to the

constant D.
The basic assumption is that there are polynomials E(z) and F(z) such that
D(z) = A(z) * E*(z ') + B*(z ') * F(2)

Interruption, please!
We start with Dy(z) and use

D, 1(2) = Dy(2) — 27 "A,_1(2)D;" — 2"B_ (21D
to get reduced Z-transforms Dy_1(2), ..., Dy. The 2° coefficients of the D,,(z) stays
constant, but the other coefficients change. However, in doing the reductions, we

need only to save the end values, D" and D!, to find the E,(z) and F,(z)
polynomials.

Continuing, we note that the a,, b,, D" and D] are calculated without knowledge
of the E(20rz?) or F(z). And as long as no apb* = 1, these saved values are
calculated and unique. Then, starting with Ey = D§/(20r 2?) and Fy = Dy/(20r 27),
we calculate the G, (z) and H,(z), and then the E,(z) and F,(z) sequentially until

we have the Fj(z) and Fj(z) companion polynomials corresponding to D(z).



DOING THE BURG-WILSON ALGORITHM (pages 1-13 )
WITH THE ALGORITHM (pages 134-137) (???wrong page
number in print version)

R(z) is the finite complex conjugate autocorrelation and A,(z) is the nth guess at
the corresponding prediction error filter.

Solve for B(z) from

- ' )

The coefficient of z° is b + by = x. by may be complex. Let i be the imaginary
part of by.

Then B(z) —iaA,(z) has a real leading term = /2 and Eq (9) equals

B*(z7Y) +iaAr(z7h) n B(z) —iaA,(2)
A7) An(2)

Dividing through by x and adding one to both sides,

B(z)—iaAn(2) An(2)
R +
(Z) 4 1= x 2

rAx (271 A, (2) An(2)

plus the complex conjugate transpose.

B(z) —iaA,(z)  An(z)
x 2

Anta(2) =

(777Missing equations)

NON-SYMMETRIC BURG-WILSON USING ALGORITHM
ON PAGES 138-144 (???wrong page number in print version)

The polynomial D(z) has been analyzed and the number of zeros inside and outside
the unit circle determined. It is assumed that there are no zeros on the unit circle.

A(z) and B(z) are prediction error filters with A(z) having the zeros outside of
the unite circle and B*(27!) having the ones inside, we have

D(z) = sA(z)B*(z") (10)
where s is a complex scaler. Given D(z), we wish to solve for s, A(z) and B(z).
Let Sy, An(2z) and By(z) be our Nth guess of the solution in the iteration. Then
Dy(z) = syAn(2)B*(z71)



10

and

SDN(2) = 0snAn(2)B*(271) + sn0AN(2)B*(27) + snAn(2)6B*(271)

We want § Dy (z) to satisfy the equation
D(z) = Dy(2) + 0Dn(z)

putting equations together and dividing by Dy (z2),

D(z) 08y | 6An(2) | OBy(z7Y)
AN TS A T B (1)

We now solve for an E(z) and F(z) such that

D) _ PG B

An(z)By (1) An(2) - By(z7h)

We also take our new guesses for A(z) and B(z)

Av1(2) = An(2) + 0An(2), By (271) = By(z ™) + 0By (2 7)

Equation (11) then becomes

1. Fz) | E(xY) sy | Avu(2) | By
SN AN(2)+B}*V(2—1)]+1_ sy An(2) By (=)

(12)

Looking at the coefficient of 2° in this equation, we have #[fo +el+1= ‘ZSJIVV +2,
where fy and eg are the z° coefficients of F(z) and E(z).

Now, if it so happened that our sy guess was sy = fy + ef, then dsy = 0 solves
the zY equation. We should note that F'(z) and F(z) are not unique, but fo + e} is.
With this value for sy, we can write Equation (12) as

~ Ania(2) By (z7)

LD a2 ) oy Al Tl

sy An(z) T By

where « is a complex scalar so that their z° coefficients

1. F(2) 1 Anii(2)
— +ol+ - =—"o—-
SN[AN<Z) ] 2 AN(Z)
are equal.
1 1
_ f0+@3_f _ e —Jo
2 0 2



11

Then
Ann(z) = e [F(2) + aAn(2)] + An(2)/2
1 ey — Jo eo + Jo
= o P+ DA+ SR A
F(2)+ ejAn(2)
N fo+ e
Likewise
BN+1(Z) _ E(Z> + fOBN(Z)

fo—l-ez‘)



